ORNL/SPR-2019/1411

MSTAR2019 Code Description and
User’s Manual

Charles F. Weber
Israel J. Huff
Jordan P. Lefebvre

April 2020

Approved for public release.
Distribution is unlimited.

OAK RIDGE NATIONAL LABORATORY

MANAGED BY UT-BATTELLE FOR THE US DEPARTMENT OF ENERGY



DOCUMENT AVAILABILITY

Reports produced after January 1, 1996, are generally available free via US Department of Energy
(DOE) SciTech Connect.

Website www.osti.gov

Reports produced before January 1, 1996, may be purchased by members of the public from the
following source:

National Technical Information Service
5285 Port Royal Road

Springdfield, VA 22161

Telephone 703-605-6000 (1-800-553-6847)
TDD 703-487-4639

Fax 703-605-6900

E-mail info@ntis.gov

Website http://classic.ntis.gov/

Reports are available to DOE employees, DOE contractors, Energy Technology Data Exchange
representatives, and International Nuclear Information System representatives from the following

source:

Office of Scientific and Technical Information
PO Box 62

Oak Ridge, TN 37831

Telephone 865-576-8401

Fax 865-576-5728

E-mail reports@osti.gov

Website http://www.osti.gov/contact.html

This report was prepared as an account of work sponsored by an
agency of the United States Government. Neither the United States
Government nor any agency thereof, nor any of their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that
its use would not infringe privately owned rights. Reference herein to
any specific commercial product, process, or service by trade name,
trademark, manufacturer, or otherwise, does not necessarily constitute
or imply its endorsement, recommendation, or favoring by the United
States Government or any agency thereof. The views and opinions of
authors expressed herein do not necessarily state or reflect those of the
United States Government or any agency thereof.



http://www.osti.gov/
http://classic.ntis.gov/
http://www.osti.gov/contact.html

ORNL/SPR-2019/1411

Nuclear Nonproliferation Division

MSTAR2019 CODE DESCRIPTION AND USER’S MANUAL

Charles F. Weber
Israel J. Huff
Jordan P. Lefebvre

April 2020

Prepared by
OAK RIDGE NATIONAL LABORATORY
Oak Ridge, TN 37831-6283
managed by
UT-BATTELLE, LLC
for the
US DEPARTMENT OF ENERGY
under contract DE-AC05-000R22725






CONTENTS

TABLE OF FIGURES ...ttt ettt ettt et eteste e st et e b e saeeseenseeseeneensenseeneenseneas v
TABLE OF TABLES . ... oottt ettt bttt e st e et e et e e bt e st et e bt e st et enseeneeneeneas v
ABSTRACT .ttt h et b e et et st s bt et e bt e bt e a e et e bt e st e st et e e bt e at et e she bt et e bt sheenee e 1
1. INTRODUCGTION ....oiitiiieieit ettt ettt ettt ettt ettt et e b e se e st e s eseeseansensesseessensansesseensensesssensensas 1
2. USER’S MANUAL ...ttt ettt ettt et e e e et et et e s e e es e et e tesaeeatense st eneensenseeneensennas 3
2.1 SPECIFICATIONS FROM THE TAEA .....ccoooiiiiiieieteeseeeese sttt 4
2.1.1  Input REQUITEMENLS ....ecueieiiieieeie ettt ettt et ettt e et eeteeateenteentesneeeneesneeenes 4
2.1.2  Output File REQUITCMENTS .......eeeiiiiiiieciieeiie ettt et eee et iaeesveesereesreesaseeenenes 5
2.1.3 Installation and Configuration REQUITEMENLtS ..........c.cccveeereeiiniieeiiiecieereere e e eve e 5
2.2 GRAPHICAL USER INTERFACE.......c.icoietetetiieiee ettt 6
221 Edit CASCAAE ...oeuiieiiieieee ettt ettt ettt 6
2.2.2  RUNNING MSTAR ...octiiiiciieece ettt ettt st be s be s bessbessbessbeesaesssessnennns 9
2.2.3  VICW OULPUL.c.eeeuiieiiieiieie et eteeteete et e bt enteenteessesnseanseensesnsesssesssesssesnsesnsesnsesssesssesssesssennns 9
2.3 ADVANCED PARAMETERS. ......cci ottt ettt st s 15
2.3.1  Key and Matched ISOtOPES......ccuieruieriieriieiieecieesie ettt et e steesteesteeseeeseeesreeseaestsesrsessaeenas 15
2.3.2  Machine INFOrMAation ..........cccuevveriierieriierieesierteieese et e seeseesieeseeeseeessaestaesseessnessaeseas 15
3. SAMPLE PROBLEMS .......o oottt ettt st ettt e s e esaensesessaessensesseeseensenns 16
3.1 STANDARD PRODUCTION OF LOW ENRICHED URANIUM.......ccccceeiririeieeeeeeeen 16
3u1i1 BASE CASE .ttt ettt et et et ettt et en 16
3.1.2  Inclusion of Side StrEams ........ccecierierieriieiieieie ettt ettt eseeaeens 18
313 It @OT STAZES ...ueeuteeiieieetiete ettt ettt ettt et et e e bt e be e bt e bt et e bt e bt e be e bt e bt e beeaeeaeens 19
3.1.4  Non-standard INPUL .........c.cccierviiiiiirieieeeeee ettt ettt sreebeebeesseeseesseesseens 20

3.2 PRODUCTION OF HIGHLY ENRICHED URANIUM FROM RECYCLED
URANIUM.....oiiiitieteese ettt ettt sttt et sttt et et e s s e e st esseesesseessensanseesaensanseeseassensesseensensansas 22
32,1 SINGLE CaSCAAE ....ccuiieiiieciiieciee ettt ettt te e st e et e e b e e stb e e tbeessbeeenbeeentaeenneen 22
3.2.2  BatCh RECYCIE ..ooouiiiiieiicieeeetce ettt ettt re et eebe et a e s e essaennaens 23
3.3  CASES THAT DO NOT WORK ....oootiiiiieiiiieieieiett ettt sttt sseese s 24
3.3.1 Recycled Fuel to Very High Enrichment.............c.ccccoveiiiiioiiiniieceeceeceeeee e 24
3.3.2  Side Product TOO Large ........ccceevvieviieniieiieiieieieete et esreereere e e eseeveesseessaesseeseens 25
3.3.3  Side Feed Assay Too Small........cccocierierieriieiieieeiieiteeecee e ens 26
4.  GENERAL DESCRIPTION OF MODEL.......cccoitieiiriieieieniesie ettt et s sseseeeseensens 27
4.1 EXTERNAL VARIABLES ...ttt ettt st te e eneeneea 27
4.2 INTERNAL CASCADE OPERATIONS ..ottt 29
4.3  JUNCTIONS BETWEEN CASCADE SECTIONS .......ooiiiiiiiteteieeeeeeee sttt 32
44 SECTIONAL CASCADE EQUATIONS .....cooe ettt ettt s 33
O B ) oI 1< 75 10 ) o USSR 33
A <11 o) 1 W € SRS 33
443 SECLION F oottt ettt ettt be et naeas 34
444 SECHION E ..ottt 34
4.5 GENERAL CASCADE EQUATION......oitiiiirieteese ettt sttt 35
4.6 SECTIONAL STAGE NUMBERS ......ooi ittt 36
4.7  APPORTIONMENT OF PRODUCT STREAMS .......cooiiteiiticte ettt ettt 37
4.8 SINGULARITIES ...ttt ettt ettt b et se e e st et e steseeeneeneens 37
5. GENERAL SOLUTION PROCEDURE .......cccocoiiieiiiieiteieiee ettt 38
5.1  SOLUTION ALGORITHM.....coootiieieteieeeeee ettt sttt et se e 39
5.1, Von Halle SOIULION ...eoiviiiiiiieieiee et 39
5.1.2  Generalized SOIULION.........ccciiiiiiriieiieit ettt ettt et be et eseeseeaeens 40
5.2  AUXILIARY CALCULATIONS ...ttt ettt ettt ettt seeenaese s eneense e 41

il



52,1  Stagewise QUANTILIES ...c.evuiruiriiiiniiiiieiertert ettt sttt ettt et s ebeeee s 42

5.2.2  INECEET STAZES ..cuiieiuiieiieeiiieetieeiteeeteeerteeesteeestreessseessseessseeasseeesssaessseessseessseeasseeesseeseeas 42

5.3 CASES WITHOUT BOTH SIDE STREAMS .....ooioiiiie et 43
5.3.1 0 NO SIAE FEEU..o et e e et eereaeeenes 44

5.3.2  NO SIAE PTOAUCT ..ottt e et e e s s eaaae e e e e s sennnaes 44

5.3.3  INO SIAE SIICAIMS ....ceiiieririeieeeeeeeeeeeee e eeee et e e e eeeee e e e e eeeateeeeeeeeestaaeeeeessenssaneeeessennanes 44

5.4 INCORPORATION OF MACHINE FLOW .....ouviiiiiiiiieie et 45

6. SUMMARY AND CONCLUSIONS ... oottt ettt ettt et eet e s et e e s aae e s s eae e s s 46
7. REFERENCES ...ttt ettt ettt e e et e e s et e s et e e e s eate e e s saaaeesenaeessanaees 47
APPENDIX A. DERIVATION OF EQ. (12) .iuiieiiiiiiiiiieeieeteeiesreseeseeeseeesvesenessnessaessnessaesssasssesssessnens A-1
APPENDIX B. VON HALLE TREATMENT OF SECTION JUNCTION POINTS.....ccoooviiieiiiiinneen, B-1
APPENDIX C. DEPENDENCES OF GOVERNING EQUATIONS ......oooiiieeeeeeeee e C-1
APPENDIX D. MACHINE FLOWS ..ottt eetee e et eatve s e e s s enaeessenaeesennnes D-1
APPENDIX E. SUMMARY OF MODELING EQUATIONS.......oooiiiiiieeeee et E-1
APPENDIX F. ALTERNATIVE TO 28U AS KEY ISOTOPE.......ooooiiiieeeeeeee et F-1
APPENDIX G. MSTAR INPUT FILE FORMAT .....ovvtiiieie ettt nas G-1

v



TABLE OF FIGURES

Figure 1. General schematic of Stage CONNECHIONS. ......cccuiieriiieiiieiiieeieeereeeiee e e sreesreesreeevaeeseaeeseneenes 1
Figure 2. Edit cascade = Edit cascade parameters...........ccvevvieuieieieniiieeeieniesreeeeeresre e eeese e ereesesse e essennas 6
Figure 3. Edit cascade - Edit cascade parameters. Side feed checked. ........ccooveeieriiieieniinieicieeeeee, 7
Figure 4. Edit cascade > Edit advanced parameters. ...........ccocveeeiririerieieeeeriesieiee e 8
Figure 5. RUN IMSTAR. .....oioiie ettt et e et e e st e e st e e st e e estaesssaeessbeesssaessseesnsesssssesnsseessseanes 9
Figure 6. View output = OULPUL OVETVIEW. ....evvieeieeiiiieiierieieitieeeeseesseseeeseesesseessessessesseessessesseessessessesseessesses 9
Figure 7. View output = Input/output files = INput file. .......ccoecveviiviiieiiieieeeeeee e 10
Figure 8. View output = Input/output files 2 Summary file. ..........ccocoveveiiiiiiiiiiiceeeceeeeee e, 10
Figure 9. View output = Cascade data > Cascade table. ..........ccooiviieieiiiiiiieieiiceeeee et 11
Figure 10. View output = Cascade data = FIow rate chart. .........ccccoeoieirininenieiiineeeeeeeeeee 11
Figure 11. View output > Cascade data > Machines chart. Machines not Set...........c.cccoeoveveeieeiereeiennnns 12
Figure 12. View output - Cascade data > Machines chart. Machines Set. .........ccccceevvevieirieeevieniereeiennns 12
Figure 13. View output = Cascade data = Cut Chart............occeecieviriieieieie et 13
Figure 14. View output > Assay data = ASSAY tabIe.......cccvevieiiiriirieieieeeeeeeee e 13
Figure 15. View output > Assay data = Up assay Chart............ccoeivvieieeieiiiiieieieeeeeeeecteeeeee e 14
Figure 16. View output = Assay data 2 Up assay correlation chart. .............cecveviiriecienienieiecieneeeeiennns 14
Figure 17. Base Case OULPUL OVETVIEW. ....cccuieiuieriieiieieeieeteeiteete et eteeseeseeteenseenseenseenseenseeseenseenseenseensenns 16
Figure 18. Base case flow rates ChaIT.........ccccccviiiiiiiiiieiiiecciee ettt e etee e tte e sea e e saeesebaessreeeneeeeneae s 17
Figure 19. Base case aSSAY data. .......ccvecieeiiieiiieiieiieieeieeieeteesteereeteeseesseesseesseesseesseesseesseesseesseessessseessenns 17
Figure 20. Overall cascade results for Side feed. .......ccoevirriieiiieiiieiciee e 18
Figure 21. Overall cascade results for both side Streams. ..........ccoeoeeieeiiiiiiiieeee e 18
Figure 22. Output overview for side streams and iNteZEr StAZES. ......ceevveerreerreerieeriierreesreesieesreesreesreesseesseens 19
Figure 23. Output overview with minor isotope 23#U specified. .........cccovevieiririecieieiiicieeeeeeeeeee 20
Figure 24. INPUL STAZE NUIMDETS. .......ooiiiiiiieeie ettt ettt ettt et e teete e teebeebeebeenteenteebeebeenseeseanseeseens 21
Figure 25. Output overview with stage numbers SPeCified. .........cccuviriiiiiiieicieiiiieie e 21
Figure 26. Highly enriched Uranium OVETVIEW. .........ccvevierieeriieiieiieriesieeieeieesseeseeseeseesseesseesseesseesseesseens 22
Figure 27. Machine chart for producing highly enriched uranium. .............ccccoeoieiieiiiiiinieieeeeieeee 22
Figure 28. Input for DatCh T@CYCIE. .....ccviiiiiieiiieeeeeeeee ettt et et e ae e s b e e e beeeaeeeeneae s 23
Figure 29. Results 0f DatCh T@CYCIC. .....viviiiiiiiciicieeeee ettt ettt e b e e beesseessaessaesseens 23
Figure 30. Side product effect on top PrOAUCT. ........ccceeviieriieriieiieie ettt se e eseens 25
Figure 31. Low side feed aSSay INPUL. ......eeouiiiieiieieeieeie ettt ettt ettt ettt e be b e e e eaeeteens 26
Figure 32. Error for 10w Side feed aSSAY. ...c.icvviiviieiiiiiieiicie ettt ettt er e s e b e ebeesbeesbeesseesreens 26
Figure 33. Cascade sections and external variables. ...........cecvecuieeieiiieiieiieiceiceeee e ens 28
Figure 34. Stagewise VATIADIES. ......c.oeouiiiiiieeie ettt ettt ettt ettt et et et ettt eteeteen 29
Figure 35. Junction between tOP tWO SECHIONS. ......iiivieeiiieeiiieeriieesieesteesreeereeeteeesteeessreessseessseessseessseesssees 32
TABLE OF TABLES
Table 1. Input requirements for previous COAE VETSIONS. .......cccvieriieeirierrieeieeereeesreesreesreesreessseeessseesseenes 3
Table 2. DEfaUlt INPULS. ....ecviiiieieeieciecie ettt e ete sttt e steesttesttesaestbessaesseessaesssasssesssesssesssessaesssesssesssesseessees 4
Table 3. Example summary file OULPUL. .......cccuevciiriiriirie it sieete ettt e st e seeesseestaesseessaesseesseeeees 5
Table 4. Batch recycle to obtain highly enriched uranium from reprocessed uranium. ............ccceceeveeennne 24
Table 5. Cascade VATIADIES. ......ccuiiieieieeiee ettt ettt e st e st et e b e s et et e teseeene e s e naeeeeeneeneens 38
Table 6. SUMMATY Of @QUALIONS. ......eecvieiiiirieiieiieiieteeteeieeteebeebeebeeseesseesseesseesseesseesseesseesseesseesseesseesseens 38
Table 7. Input variables required by Von Halle. ..........ccccooiiiriiiiiiiiiieee et 39
Table 8. Number of variables, equations, and INPULS. .........cceeciieriiieriiieiiiecee e sveesreeebeeeveeeeee s 43






ABSTRACT

This report describes an ideal cascade model of uranium enrichment that includes side feed and side
product streams and flexible input options. It is based on the original MSTAR model developed by Ed
Von Halle and implemented in a Visual Basic code. The current version allows the user to specify integer
numbers of stages or the stage numbers of external flows instead of assays in those flows. The
computational engine is written in FORTRAN-90 and is invoked by a user-friendly GUI written in C++.
This version of MSTAR has been demonstrated to operate on Linux, Mac, and Windows platforms, and
has undergone significant testing and quality analysis. A number of examples are presented to illustrate
the operation of the code and guide the user. The code is extremely fast, and results are returned
immediately. The input and output have been specially configured for analysis by the environmental
sampling team of the International Atomic Energy Agency (IAEA). A number of additional output
features are included to assist the user in visualizing computational results and downloading data to files
for use in other analysis software.

1. INTRODUCTION

There are a number of facilities around the world that are engaged in the process of enriching natural
uranium. The facilities in countries that have signed international safeguard agreements with the IAEA
are monitored via an assortment of technical measures, including on-site inspections, nondestructive
survey tools, material balance evaluations, design information verification, as well as environmental
sampling. These procedures are designed to assure the material is being used for its intended and declared
purpose and not for proliferation activities. The use of computational toolsets allows for the confirmation
of declared activities in many of these areas, particularly in environmental sampling where measurements
of small samples in or near a facility can be used along with model predictions to verify declared
activities at the site.

Shown in Figure 1 is a simplified schematic of connections between stages in an enrichment facility.
Cascade models do not involve detailed machine performance but assume basic attributes of machine
operations that are obtained from testing data or from simulations of machine performance. They assume
that a number of identical machines operate in parallel to make up operational stages and that different
stages are connected in series. The more machines there are in a stage, the greater throughput can be
achieved. Each stage increases the product enrichment, so more stages result in higher overall enrichment.

Depleted stream T Enriched stream
Y » Stagen+1

Enriched stream

Depleted stream
Stage n Y

Depleted stream Enriched stream
Y » Stagen—1 |

Enriched stream Depleted stream

Figure 1. General schematic of stage connections.



The concept of an ideal cascade presents both a simple and an optimized description of cascade
performance for separation of 233U from 23¥U. The ideal cascade assumes that no mixing losses occur
when a depleted stream from a higher stage is combined with an enriched stream from a lower stage (see
Figure 1); hence, it constitutes the most efficient possible operation. It also simplifies calculations because
the assumption of equality for these two streams reduces the number of variables that must be calculated.
When more than two isotopes are considered, the assumptions of the ideal cascade result in a mixed-
abundance-ratio cascade (MARC), in which mixing losses can be eliminated for only one isotope. This
isotope is termed the “matched” isotope and is almost always 2*3U. The additional isotopes create more
complication in modeling, but MARC still represents a simplification of the enrichment processes. Both
the ideal cascade and MARC also assume that the separation performance at each stage is the same (i.c.,
the separation factor is constant for all stages of the cascade).

During the early days of cascade modeling, the focus of most modeling research was on gaseous
diffusion, in which isotopic content at each stage was not very different from adjacent stages. Thus,
cascade models were well approximated by differential equations [1,2,3]. With the advent of more
advanced gas centrifuge designs, the isotopic content of adjacent stages was considerably different. The
differential assumptions were no longer valid, and new modeling approaches were required. Primary
efforts in this area were led by Ed Von Halle, who derived algebraic equations for cascades of machines
with large separation factors [4]. He did additional development to include side feed and side product
streams into his MARC model [5]. This work was innovative and elegant but apparently was never
published or presented in an open forum. However, it formed the basis for the original MSTAR code [6],
written in Visual Basic and distributed to the IAEA in 1996 as a deliverable of the U.S. Support Program.
The code calculates the number of stages, stagewise flow rates, and isotopic assays for a given enrichment
operation. It is based on standard mass balances, as is common in chemical process modeling (i.e.,
isotopic mass and flow balances are taken over different control volumes in the system). The code
imposes strict input requirements, at least in part to provide numerical stability for the solution algorithm,
and initially was limited to separation of uranium isotopes 232U, 234U, 233U, 236U, and 233U.

Von Halle’s modeling assumes the following relationship between separation factors for different
isotopes:

My —M;
M

ln(al-) = — Mrln In(a), i=12..1 (1)

where

M; = atomic weight of isotope i,

m = index of the isotope whose abundance is matched in the cascade (usually 23°U),

k = index of the key component (usually 2*3U), the isotope against which all others are compared.

It is easy to see from Eq. (1) that the quoted separation factor « is identical to the separation factor for the
matched component «,,. In the past, this model has been applied to any type of enrichment process in
which separation is based on mass difference of isotopes, such as gas centrifuge, gaseous diffusion, and
vortex tube. This usage was justified in an early report by Blumkin and Von Halle [7], which was part of
a series known as the MIST reports (Minor Isotope Data as a Safeguards Technique). These authors
concluded that for an ideal cascade, the minor isotope separation factor is related to that of 23U by Eq. (1)
for both gaseous diffusion and gas centrifuge separations. The appropriateness of Eq. (1) for such diverse
and generalized applications was questioned by Wood [8], who derived different separation factors for



gas centrifuge and gaseous diffusion and noted very small differences in some cascade calculations. He
proposed alternatives to Eq. (1) that were included as options in the earlier version of MSTAR [9,10].
However, the validity of Eq. (1) was also established by earlier references using only two components
[11,12] and Harink-Snijders [13], who does so for three components. Because Eq. (1) has been widely
accepted and experimentally verified, it alone is included in this work.

In 2012, an update to the MSTAR code was commissioned by the IAEA [9], which relaxed some of the
strict input requirements and provided a code that would operate on a number of operating systems. The
input flexibility was described in an open publication [10], and limitations to the basic cascade model
were noted therein. This version was written in FORTRAN-90 with an improved graphical user interface
written in Java. It was therefore able to run on a variety of operating systems, including Windows 10,
Linux, and Mac. This feature is important moving forward because the Visual Basic implementation of
the original code is obsolete and does not run on any supported operating system. Unlike the original
code, the MSTAR’12 code did not include side streams, a valuable resource much desired by IAEA.

This project is designed to update the MSTAR’12 code with four principal objectives in mind: (1) to
correct some errors in calculation, (2) to provide more useful output, to (3) establish formal quality
control evaluations, and most importantly (4) to include side feed and side product streams. Guidance for
users is found in Section 2, where both input and output options are discussed. Development and
comparison of sample problem results are given in Section 3, which also provides an overview of the
strengths and limitations of the new coding. The basic mathematical formulation is described in Section 4
and relies on the previously unpublished derivations of Von Halle [5], which were the foundation for the
original Visual Basic code. Some of the detailed derivations and equations are relegated to appendixes.
The strategy for more generalized input is described in Section 5, together with some of the additional
capabilities that this affords the user.

2. USER’S MANUAL

Every computational algorithm requires that something be known about the processes to be modeled.
Hence, sufficient input must be supplied to ensure that a solution (i.e., a mathematical description of the
process) exists and is unique. (Purists will also desire stability, which is not an issue in the present
model.) A description of the mathematical justification for various input requirements is given in Sections
4 and 5. In this section, we simply describe the requirements needed to successfully run the MSTAR2019
code. The original MSTAR code [6] required specific inputs as described in the second column of Table
1. In MSTAR’12 [9], these requirements were relaxed somewhat to allow more flexible inputs.

Table 1. Input requirements for previous code versions.

Variable Description Original MSTAR MSTAR’12
Separation factor Required Not needed if stage number given
Feed assays All isotopes required Flexible: at least one assay for each
Tails assay 235U required isotope, minimal number required
Product assay 25U required
Flow rates Feed or product required Feed or product required
Side feed assays All isotopes required N/A
Side product assays 25U required N/A
Assay ordering for 23U Tails < feed < side feed < side Tails < Feed < Product

product < top product




Stage numbers for feed(s) and Unspecified on input, calculated for |Could be specified instead of
product(s) output separation factor or some assays

For example, the separation factor could be omitted if numbers of stages in either enriching section,
stripping section, or entire cascade were specified. In MSTAR2019, the rigid requirements of the original
MSTAR are not required; however, the addition of side streams creates complications not encountered in
MSTAR’12. This version still allows flexible inputs, and many are described in Sections 3.1.3, 3.1.4, and
5.1.2. However, there are many possible combinations, and they cannot all be described in detail. The
code has therefore included a number of error and warning messages to guide the user to supply correct
data that will result in a successful calculation. Experience has shown that the basic input requirements of
the original MSTAR will always provide excellent results if the desired enrichment is physically
achievable. Thus, we recommend that if possible, the user should supply such input. However, input
alternatives are also available that may greatly enhance the understanding of a particular process.

2.1 SPECIFICATIONS FROM THE TIAEA

Inasmuch as development of this tool has been sponsored by IAEA, it has been tailored according to its
specific requests for input and output, default settings, and convenient access to results.

2.1.1 Input Requirements

Five default enrichment cases have been included that can be easily accessed through the graphical user
interface (GUI). These cases are shown in Table 2 and include most of the situations commonly
encountered by IAEA analysts:

1. Reprocessed—Reprocessed feed from 3.5% low-enriched uranium, irradiated in a light water reactor
to the point its enrichment in 23°U is similar to natural uranium (NU)

2. CNU—Commercial-grade natural uranium (CNU) is NU contaminated with 20 ppm 236U

3. NUeq—0.35% depleted uranium (DU) from tails stream of case 2 above (CNU), having 0.011% 3°U,
and re-enriched to 0.72% with 0.15% tails.

4. irradNU—Irradiated NU, subsequently reprocessed for re-enrichment of uranium isotopes. Burnup
sufficient to produce 5% 24°Pu in a Hanford-type reactor

5. Natural feed—NU with no modification.

The feed flow rate units are arbitrary, and the separation factor is a standard quantity that does not
necessarily reflect any particular machine. Any of these quantities can easily be changed by the user as
described in Section 2.2. No side streams are included in these standard cases, but they can easily be
added.

Table 2. Default inputs.

Description Feed Assays Tails Product Feed Sep.
234y 235y 236y 34y B5y Flow Factor
Reprocessed feed (RU) 0.02 0.78 0.49 0.35 3.5 1 1.5
NU/CNU 0.0054 0.72 0.002 0.35 3.5 1 1.5
NUeq 0.0039 0.72 0.002 0.35 3.5 1 1.5
irradNU 0.0052 0.6445 0.0133 0.35 3.5 1 1.5
Natural feed 0.0054 0.7204 0 0.35 3.5 1 1.5




Input parameters are passed to the MSTAR executable by way of a text input file with space-separated
parameters. See APPENDIX G for the file format and examples.

2.1.2  QOutput File Requirements

A standard output summary is generated for each run and formatted to IAEA specifications; an example
appears in Table 3. The file is in comma-separated value (CSV) format with the first row containing only
one entry describing the case that was run. All other rows have stage number in the first column followed
by 232U through 23*U assays in the following columns. If an isotope is not included in a run, the
corresponding column is left blank. The first row contains waste assays, the last row contains product
assays, and all other rows contain feed assays. This table represents the total range of assays expected to
exist in the cascade.

Table 3. Example summary file output.

0.7204% U235 enriched to 3.5% 0.35% tails
Stage | U232 U234 U235 U236 U238

1 — 0.001515 0.32687 — 99.672
1 — 0.002002 0.40004 — 99.598
2 — 0.002644 0.4895 — 99.508
3 — 0.003513 0.59885 — 99.398
4 — 0.004694 0.73244 — 99.263
5 — 0.0059 0.89557 — 99.099
6 — 0.007444 1.0946 — 98.898
7 — 0.009433 1.3373 — 98.653
8 — 0.012007 1.6329 — 98.355
9 — 0.015355 1.9925 — 97.992

10 — 0.019732 2.4294 — 97.551

11 — 0.025482 2.959 — 97.016

11 — 0.032869 3.5998 — 96.367

2.1.3 Installation and Configuration Requirements

Per IAEA requirements, the MSTAR and MSTAR-GUI executables are built for Windows 64-bit. They
are installed into C: \Program Files by default and a silent install option is available. Application
information is stored under the user’s home folder (e.g., C: \Users\USERNAME\ .mstar) in the user’s
section of the registry. No executable or dynamic link library (DLL) is installed or run from the user’s
home folder and no scripts are dynamically generated. The MSTAR executable can be run directly
without going through the user interface or another application can generate input files and pass them to
MSTAR. The necessary input files are described in APPENDIX G. Linux and MacOS versions of both
MSTAR and MSTAR-GUI are also available.



2.2 GRAPHICAL USER INTERFACE

The MSTAR GUI is divided into two sections, which are selected from the two buttons along the left side
of the window (Figure 2). The Edit cascade section is used for configuring inputs for submitting to
MSTAR. The Run section is used for running the MSTAR executable and viewing outputs in various
tables and charts and saving those to disk. The button for the currently selected section is greyed out.

# MSTAR GUI: version 2019.0.3 - a X

File  Help

[—‘ Edit cascade parameters Edit advanced parameters
\
Cascade section information
Separation factor | 1.5 [ specify number of stages in each section
[[] use side feed Main feed stage

Use side product Top product stage
a
[] Integer stages Side feed stage

Side product stage
Run

Waste MainFeed Top Product

Flow rate 1

K 0O

U234 0.02

]

U235 035 078 35

[«

U236 049

X

U238 98.71

Preset Feeds | Reprocessed

Figure 2. Edit cascade - Edit cascade parameters.

2.2.1 Edit cascade

The Edit cascade section contains two tabs. Most important properties are on the Edit cascade
parameters tab (Figure 2), including the separation factor, feed/product stages, and input assays. Stages
numbers are not defined by default but are calculated; hence, the stage fields are disabled. For all input
fields, a blank entry indicates the value is not set when running MSTAR.



A number of check boxes on this tab will enable modifications and additional options. Checking Use side
feed or Use side product enables their respective stage fields (Figure 3). Checking Specify number of
stages enables the stage fields so these values can be entered. Checking Integer stages restricts stage
inputs to integer numbers and will produce output with integer numbers of stages in each region of the
cascade. Input assays are provided in the table on the bottom half of the window. If Use side feed or Use
side product is checked, a corresponding column is added to the table for inputting these assays. Checking
or unchecking an isotope in the leftmost column of the table will add or remove that isotope from the
input set. However, if the isotope is the matched or key component (see Sections 2.3.1 and 4.2 for
explanations of these terms), it cannot be unchecked until changing the relevant field in the Edit advanced
parameters tab (Figure 4). Below the input assays table is the Preset feeds drop-down selection. Changing
this selection updates the input assays table with stored values from one of the sets in Table 2. If the input
assays table is modified by the user, this drop-down changes selection to User specified.

# MSTAR GUI: version 2019.0.3 N = =
File  Help

n Edit cascade parameters  Edit advanced parameters
\
Cascade section information
Separation factor (1,5 [] Specify number of stages in each section
Use side feed Main feed stage

[[] use side product Top product stage
[[] Integer stages Side feed stage

Side product stage

Waste Main Feed Side feed Top Product

Flow rate 1 0

0O

U234 0.02

<

u23s 035 078 35

[«

U236 049

)

U238 98.71

Preset Feeds Reprocessed

Figure 3. Edit cascade - Edit cascade parameters. Side feed checked.



The Edit advanced parameters tab has fields for machine configuration and matched/key components
(Figure 4). It is recommended that the novice user leave the matched/key components alone; an example
of changing these is given in Appendix F. If individual machine flow rates are known, or total numbers of
machines are known, these can be entered here. These entries are explained further in Section 2.3.

If incomplete or invalid values are entered for any of the inputs, there may be an error message in red on
the right side of the Edit cascade parameters tab (Figure 3). Until the issues are fixed, MSTAR will not
be run. The MSTAR GUI cannot catch all possible invalid input combinations, though it tries to catch
many that are known. It is still possible to create certain input sets that meet minimal input requirements,
but cause an execution-time error when MSTAR is run. Such messages are explained in the next section.

%~ MSTAR GUI: version 2019.0.3 - [m] X
File  Help

".1 Edit cascade parameters Edit advanced parameters

i
Cascade information
Total number of machines

Flow rate per machine

Matched component | U235 ~
% Key component | U238

Run

Figure 4. Edit cascade 2 Edit advanced parameters.



2.2.2 Running MSTAR

Clicking the Run button from the left column immediately runs the MSTAR executable if all inputs are
valid. If inputs are not valid, an error dialog will pop up with the same error as shown in red text on the
Edit cascade section. If the executable is run, a brief summary of outputs can be found in the MSTAR
Output tab (Figure 5). If there are errors running MSTAR, they are shown in the MSTAR Error tab.

A MSTAR GUL; version 2019.0.3 - = ®
File  Help
View MSTAR outputs
A Output overview  Inpulfoutput fles  Cascadedata  Assay data  MSTAROUtUE  MSTAR Error
5.68031E-03 3.50000E-01 3.206106-01 0.93235E+01 ~
oren: Total Unknown vector:
e ;\tha FNSF SI’NF 3 e w: 3514 wwuns

W:U236 W:U238 SFU234  SFU235  SFU236  SF:U238

F:U234 F:U235 F:U236 F:U238 SP:U234  SP:U235

SPU236  SPiU238  PrU234  PiU235  PrU236 PrU238
7.8836E-01 0.0000E+00 2.9834E+00 0.0000E+00 1.0586E+01 8.6349E-01
0.0000E+00 -1.0000E+00 0.0000E+00 1.3651E-01 5.6803E-05 3.5000E-03
3.2081E-03 9.9324E-01 0.0000E+00 0.0000E+00 0.0000E+00 1.0000E+00
2.0000E-04 7.8000E-03 4.9000E-03 9.8710E-01 0.0000E+00 0.0000E+00
0.0000E+00 1.0000E+00 1.1058E-03 3.5000E-02 1.5602E-02 9.4829E-01
oren:

oren: Printing Up assay

Enriching Section

oren:  10.586 1.10580E-01 3.50000E-+00 1.56023E+00 9.48292E+01
9.586 8.59063E-02 2.88285E+00 1.36871E+00 9.56625E+01

oren:  8.586 6.70373E-02 2.37116E+00 1.19539E+00 9.63664E+01
7.586 5.25479E-02 1.94796E+00 1.03966E+00 9.69598E+01
6.586 4.13712E-02 1.59870E+00 9.00675E-01 9.74593E+01

oren:  5.586 3.27087E-02 1.31095E+00 7.77372E-01 9.78790E+01

oren:  4.586 2.59622E-02 1.07424E+00 6.68597E-01 9.823126+01
3.983 2.26278E-02 9.52450E-01 6.09539E-01 9.84154E+01

Stripping Section
2.983 1.69596E-02 7.79636E-01 5.39464E-01 9.86639E+01

oren: 1,983 1.27786E-02 6.37922E-01 4.75833E-01 9.88735E+01
1.000 9.72639E-03 5.23541E-01 4.19212E-01 9.90475E+01

Number of machines= -1

Individual machine feed flow=-1.00000E+00
Flow rate multiplier= 1.00000E+00

oren finished

Figure 5. Run MSTAR.

2.2.3 View output

After running MSTAR, the View output section will show the results of the run organized into charts and
tables across several tabs. The Output overview tab is shown initially (Figure 6), which contains some
basic cascade and machine information along with output assays. There are two buttons at the bottom for
saving the output summary file or opening it directly in MS-Excel.

# MSTAR GUI: version 2019.0.3 - a X
File  Help
View MSTAR outputs
Output overview Input/output files Cascade data Assay data MSTAR Qutput MSTAR Error
Cascade Information Machine Information Calculation Information
Edit cascade Enriching stages | 7.60279 Overall separation factor [ 15 Matched component | U235
Stripping stages | 2.98336 Machine flow rate Key component | U238

Fractional stages | true Total number of machines Squared errors | 0

Waste Main Feed Top Product

Flow rate 0.863492 1 0.136508
u232

U234 0.00568031 0.02 0.11058
u23s 035 0.78 35
U236 0.32081 0.49 1.56023
u238 993235 98.71 948292

Save summary to file Open in Excel

Figure 6. View output > Output overview.
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The Input/output files tab has subtabs for all output files generated by MSTAR (Figure 7). There is a Save
to file button at the bottom to allow saving a CSV file to disk. The Summary file and Long summary file
tabs also have an Open in Excel button (Figure 8), which will directly open as a spreadsheet. The Error
file tab is disabled unless there was an error running MSTAR.

A MSTAR GUI: version 2019.0.3 - ] X
File  Help
View MSTAR outputs
Output overview Input/output files Cascade data Assay data MSTAR Output MSTAR Error
Inputfile  Outputfile  Stages file Error file Summary file Long summary file
EHiem=to 1.5 424 -1-1-1-1F-1-1

=1.00 0.00 1.00 0.00 -1.00

_J U234 348.0 -1 -1 0.02 -1 -1

~M” U235 349.0 0.35 -1 0.78 -1 3.5
[ o~ U236 350.0 -1 -1 0.49 -1 -1

P\
o U238 352.0 -1 -1 -1 -1 -1
Save to file
Figure 7. View output = Input/output files 2 Input file.
# MSTAR GUI: version 2019.0.3 - a x
File  Help
View MSTAR outputs
Output overview Input/output files Cascade data Assay data MSTAR Output MSTAR Error
Inputfile  Outputfle  Stagesfle  Frrorfile  Summaryfile  Long summary file
iemts 0.78% U235 enriched to 3.5% 0.35% tails

R Stage,U232,U234,U235,0236, 0238,
__ A\ 1,0.0,0.0056803,0.35,0.32081,99.324,
<M 1,0.0,0.0075018,0.42812,0.36511,99.199,

/ 1.9834,0.0,0.0098587,0.52181,0.41454,99.054,
“‘k“i 2.9834,0.0,0.013089,0.63796,0.47014,98.879,
! 3.9834,0.0,0.017471,0.77969,0.53144,98.671,

4.5862,0.0,0.020052,0.87967,0.58311,98.517,
5.5862,0.0,0.025277,1.0741,0.67838,98.222,
6.5862,0.0,0.031994,1.3108,0.78654,97.871,
7.5862,0.0,0.040673,1.5986,0.90869,97.452,
§8.5862,0.0,0.05194,1.9479,1.0459,96.954,
9.5862,0.0,0.066641,2.3711,1.199,96.363,
10.586,0.0,0.085906,2.8829,1.3687,95.663,
10.586,0.0,0.11058,3.5,1.5602,94.829

Savetofile  Open in Excel

Figure 8. View output - Input/output files > Summary file.
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The Cascade data tab has four subtabs. The first is Cascade table, which shows stages, flow rates,
machines, and cuts (Figure 9).

A MSTAR GUI: version 2019.0.3 - m] X
File  Help
View MSTAR outputs
Output overview  Inputjoutputfiles — Cascade data  Assay data MSTAR Qutput ~ MSTAR Error
Cascade table  Flow rate chart  Machines chart  Cut chart
Edit cascade Stage number  Feed flow rate  Downward flow rate  Upward flow rate  Machines Cut
10586 030105 0.16454 013651 0 045344627
95862 066489 036384 030105 0 045278166
85862 1.1064 0.60605 050035 0 045223247
Run 7.5862 1.6437 09011 074255 0 045175519
65862 22987 12611 1.0376 0 045138557
55862 30984 1.7008 13976 0 045107152
455862 40758 22384 18374 0 04508072
3.9834 47672 256188 21484 0 045066286
29834 3.8966 21413 1.7553 0 045046964
1.9834 28377 1.5598 12778 0 045029425
1 15705 0.86349 0707 0 04501751

Save table as CSV

Figure 9. View output - Cascade data > Cascade table.

The other three are Flow rate chart, Machines chart, and Cut chart, and each plots the corresponding data
from the cascade table (Figure 10—Figure 13). The table can be saved to a CSV file, and the charts can be
saved as PNG files with save buttons below the table and charts, respectively. The charts are interactive
with mouse click-and-drag and zoom with the mouse wheel. The Reset chart button will restore a chart
back to its default position and scale. The Machines chart will be a flat line unless machine properties
were set in the cascade input (Figure 11 and Figure 12).

A MSTAR GUI: version 2019.0.3 - a X
File  Help
View MSTAR outputs
Output overview  Input/outputfles  Cascade data  Assaydata  MSTAROutput  MSTAR Error
Cascade table  Flow rate chart  Machines chart  Cut chart
Edit cascade n Flow rates
—Feed flow rate
10 . Down flow rate
A\ Up flow rate
9
N\

8
7

)

g 6

&
5
4
3
2
. ~—

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Flow rate
Reset chart | | Save chart image

Figure 10. View output > Cascade data > Flow rate chart.
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# MSTAR GUI: version 2019.0.3 - m] X
File  Help
View MSTAR outputs
Output overview  Inputjoutput fles  Cascade data  Assaydata  MSTAROulput  MSTAR Error

Cascade table  Flow rate chart  Machines chat  Cut chart

Edit cascade le-7 Number of machines

—Number of machines

8e-8
6e-8
de-8

A
[\
\\:M(/
-
N
Run
2e-8
0

-2e-8

Number of machines
IS
®
o

-6e-8
-8e-8

-le-7

156 2 25 3 35 4 45 5 55 & 65 7 75 & 85 9 95 10 105 11
Stage

Reset chart | Save chart image

Figure 11. View output - Cascade data > Machines chart. Machines not set. Total number of machines and
flow rate per machine not set.

M MSTAR GUI: version 2019.0.3 - m] X
File  Help
View MSTAR outputs
Output overview  Inputjoutputfiles  Cascadedata  Assaydata  MSTAR Output  MSTAR Error
Cascade table  Flow rate chart  Machines chart  Cut chart

Edit cascade 0.018 Number of machines
A 0.017 —Number of machines

1\ 0.016
<\ 0.015)

M7
M ., 0.014
80013
Run £0.012
goon

E 001

6 0.009

% 0.008

20.007

5 0.006

< 0.005

0.004

0.003

0.002

0.001

15 2 26 3 35 4 45 5 556 6 65 7 75 & 85 ¢ 95 10 105 N
Stage

Reset chart | | Save chart image

Figure 12. View output - Cascade data > Machines chart. Machines set. Total number of machines = 1,000.
Flow rate per machine = 280 (mg/s).
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# MSTAR GUL: version 2019.0.3 - o X

File  Help
View MSTAR outputs
Output overview  Input/output fles  Cascadedata  Assaydata  MSTAR Output  MSTAR Error
Cascade table Flow rate chart Machines chart Cut chart
Edit cascade 0.4535, Stage cut
. )
A
<l 0.453
3 My
/
N 0.4525
Run

3 0452

[]

o
80.4515

(]
0.451
0.4505
0.45

156 2 26 3 35 4 45 65 65 & 65 7 75 & 85 9 95 10105 T
Stage

Reset chart | | Save chart image

Figure 13. View output > Cascade data > Cut chart.

The Assay data tab has three subtabs. The Assay table subtab shows stages, feed, and up (product) and
down (waste) assays (Figure 14).

# MSTAR GUI: version 2019.03 - o X
File  Help
View MSTAR outputs
Output overview  Inputjoutput fles  Cascadedata  Assaydata  MSTAROulput  MSTAR Error
Assay table Up assay chart Up assay correlation chart
Edlt cascade Stage number U234 feed U235feed U236 feed U238 feed U234 down U235down U236down U238 down U234up U2354
A 10586 0085906 28820 13687 95663 0065435 23708 12098 96354 011058 35
T\'M‘7 95852 0066641 23711 1199 96363 00507 19476 10585 96943 0085906 28829
,,i' 2\ 85862 005194 19479 10459 96954 0030476 15984 092241 9744 0067037 23712
Run 7.5862 0040673 15986 090869 07452 0030887 13107 080076  OT858 0052548 1948
6.5862 0031994 13108 0.78654 9787 0024279 1.074 0.69263 98.209 0.041371  1.5987
55862 0025277 10741 067838 98222 0019171 087955 059704 98504 0032709 1311
15862 0020052 087967 058311 98517 00152 07199 051294 98752 0025962 10742
39834 0017471 077969 053144 98671 0013241 063797 046737 98881 0022628 09524
29834 0013089 0.6379% 047014 98.879 0.0099162 052182 041332 99.055 0.01696 0.7796«
19834 00098587 052181 041454 99054 00074668 042660 036433 99202 0012779 06379
i 00075018 042812 036511 99199 00056803 035 032081 99324 00097264 05235
< >
Save table as CSV

Figure 14. View output = Assay data - Assay table.
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The Up assay chart plots the atom percent for each isotope for each stage (Figure 15), The Up assay
correlation chart plots the atom percent of each isotope relative to another selected as the independent axis
(Figure 16). Charts can be saved with the Save chart image button at the bottom of each tab. The charts

are interactive with mouse click-and-drag and zoom with the mouse wheel. The Reset chart button will
restore a chart to its default position and scale.

A MSTAR GUI: version 2019.0.3 - m] X
File  Help
View MSTAR outputs
Qutput overview  Input/output files Cascade data Assay data MSTAR Qutput ~ MSTAR Error
Assay table Up assay chart Up assay correlation chart
Edit cascade Up assay
100: . . . . . . = U234 agtom percent
= U235 atom percent
« U238 atom percent
10-
a . .
Run g . . .
[ 1 s . . -
H .
Q
£
S 01 - =
[] . . .
- - *
0.01 ke
0.001
15 2 26 3 35 4 45 5 85 6 65 7 /5 8 85 9 95 10165 N
Stage
Reset chart series styles: [] markers [] tines
Save chart image include: [ ] U232 [V u23e ] ua3s [Ju23s [~ u23s
Figure 15. View output = Assay data - Up assay chart.
& MSTAR GUI: version 2019.0.3 - m] X
File  Help
View MSTAR outputs
Output overview  Inputjoutput fles  Cascadedata  Assaydata  MSTAR Output  MSTAR Error
Assay table Up assay chart Up assay correlation chart
Edit cascade Up assay correlation
- N « U234 atom percent
2 * o = U235 atom percent
1 * . .
. £ 05 =
Run H]
0
g 02
o
£ 01" o
2 .
B0.05 .
.
0.02 A
0.01 ‘.
94.8 95 95.295,495.695.8 96 96.296.496.696.8 97 97.297.497.697.8 98 98.298.498.698.8 99
U238 atom percent
Reset chart independent axis: () U232 O uz34 O uzs (O u236 (® v23s
Save chart image include: [_] u232 M u234 [v] ua3s [Jua23e U238

Figure 16. View output > Assay data - Up assay correlation chart.
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2.3 ADVANCED PARAMETERS

The MSTAR2019 code can be run successfully by simply using program defaults and perhaps changing
assays or adding side streams as described in Sections 2.1 and 2.2. For most applications, this is
sufficient. However, several features are included that might provide utility in unusual problems, and
these are described in this section. The user is encouraged to be generally familiar with the mathematical
description in Section 4 before attempting the modifications described here. The advanced parameters tab
on the edit screen is shown in Figure 4 and allows additional modifications to problem parameters.

2.3.1 Key and Matched Isotopes

The key isotope is the one against which all others are compared and should almost always be 238U.
However, there may be occasions when a different isotope could be considered. For example, if
enrichment of reprocessed uranium to very high levels is desired, it may be advantageous to make 23U
the key component, as described in Section 3.3.1. However, such cases are rare, and in general, the key
isotope should remain as the default 233U.

The matched isotope is the one whose assays are matched at piping junctions (see Section 4.2) to avoid
mixing losses. It is almost always assigned to 233U, although this need not be the case. However, if 23U is
present, and is the primary focus of the enrichment operation, it is prudent to leave this setting as the
default.

Note, the separation factor always describes separation between the matched and key components. Hence,
familiar separation factors usually always refer to separation of 2°U from 233U as the matched and key
components, respectively. If the key or matched components are changed, the separation factor must be
changed as well. This point is discussed more thoroughly in APPENDIX F.

2.3.2 Machine Information

Machine information may be available on the actual machines operating in a facility. Alternatively,
simulating operation of generic machines whose features are known and published openly might be
useful. MSTAR2019 allows this through entries of total numbers of machines and machine flow rate.
Note that the separation factor also pertains to specific machines, but whether or not other machine
information is known must be specified. To ensure consistency with overall cascade flow rates, the
following hierarchy is honored in determining output:

1) If neither number of machines nor machine flow rate is specified on input, then no machine output is
included (Figure 11).

2) If either number of machines or machine flow rate is specified, then the other is calculated to be
consistent with the specified or default external cascade flows.

3) If both the number of machines and the machine flow rate are given, then the external cascade flows
are scaled from their input values to be consistent with the stagewise and total cascade flows

calculated from the input machine information.

For more detail in this calculation, see Section 5.4.
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3. SAMPLE PROBLEMS

In this section, several sample problems illustrate the capabilities and flexibility of the code. These
include standard problems typical of declared facilities, as well as undeclared operations and unusual
calculations. Some of the bounds and limitations on possible calculations are also presented.

3.1 STANDARD PRODUCTION OF LOW ENRICHED URANIUM

This scenario consists of natural uranium enriched to 3.5% with a waste stream of 0.35% in 233U, a typical
scenario for declared enrichment operations. This is one of the cases that can be invoked from the default
menu.

3.1.1 Base Case

If this case is run without making any changes, results shown in Figure 17 are obtained. The entire
cascade includes 10.52 total stages of which 7.94 are in the enriching section and the remainder in the
stripping section.

A MSTAR GUI: version 2019.0.3 - m] X
File  Help
View MSTAR outputs
Output overview  Inputjoutputfiles  Cascadedata  Assaydata  MSTAR Output  MSTAR Error
Cascade Information Machine Information Calculation Information
Edit cascade Enriching stages | 7.93851 Overall separation factor .1.5 Matched component | U235
Stripping stages | 2.57927 Machine flow rate Key component | U238
Fractional stages | true Total number of machines Squared errors | 0

Waste  Main Feed Top Product
Flow rate  0.882413 1 0.117587

u232

U234 0.0017365 0.0054 00328921
U235 0.35 0.7204 35

U236

u238 99,6483 99.2742 96.4671

Save summary to file. | Open in Excel

Figure 17. Base case output overview.
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Stagewise flow rates are shown in Figure 18, which are accessible from the Cascade data tab and the
Flow rates chart. The machines chart is zero because no machine information has been supplied. Note
that if nothing is specified, the feed flow rate default is 1 (arbitrary units), and the tails and product
streams are calculated. Figure 19 shows feed assays for the entire cascade.

# MSTAR GUL: version 2019.0.3 - o X
File  Help
View MSTAR outputs
Output overview  Inputjoutput files  Cascade data  Assaydata  MSTARQutput  MSTAR Error
Cascade table Flow rate chart Machines chart Cut chart
Edt cascade n Flow rates
. —Feed flow rate
A 1ol -Down flow rate
Y - N Up flow rate
\\: M (./ 9
[~
it 8 h
Run
7
)
g 6
w
5
4
3
2
1 -
0 02040608 1 12141618 2 22242628 3 32343638 4 424446
Flow rate
Reset chart | Save chart image
Figure 18. Base case flow rates chart.
# MSTAR GUI: version 2019.0.3 - o X
File  Help
View MSTAR outputs
Output overview  Inputjoutputfles  Cascadedata  Assaydats  MSTAR Output  MSTAR Error
Assay table Up assay chart Up assay correlation chart
Edit cascade Stage number U234 feed U235feed U238feed U234 down U235down U238down U234up U235up U23Bup
f"\ 10518 002549  2.8764 97.098 0.019385 23612 97619 0032892 35 96.467
i
x\—'M‘—/ 95178 001974 23612 97619 0014994 19364 98.049 0025436 28764  97.008
™ «
!l/\.'\ 85178 0015350 19364 98048 0011657  1.5867 98.402 0019856 23612 97619
Run 75178 0012008 15867 98401 00091082 1.2994 98691 0015537 19364 98048
65178 0.0094336 1.2994 98.691 00071514 1.0635 98.929 0012214 1.5867 98.401
55178 00074442 10635 98929 00056408 087006 99124 00096433 12994 985691
45178 00058992 087006  99.124 00044685 071155 99284 00076452 10635 98929
35793 0004750 07204 99275 00036038 058899 99407 00061696 088087 99.113
25793 00035707 058899 99407 00027033 048144 99516 00046305 072041 99275
15793 0002694 048144 99516 00020392 039344 99605 00034945 058899 99.408
1 00022944 042832 99563 00017365 035 99.648 00029764 052408 99473
Save table as CSV

Figure 19. Base case assay data.
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3.1.2 Inclusion of Side Streams

As described in Section 2.2, we can add side streams to the base case scenario. If we add a side feed with
flow rate 0.1 and assays of 1% 2*°U and 0.001% 2**U, the resulting cascade configuration is given in

Figure 20.

Adding both a side feed and side product (each with flow rate of 0.1) is straightforward and gives results
shown in Figure 21. As seen in the figure, the side product was specified to have a *>U assay of 2%
enrichment; the code calculates side product assays for the other isotopes and the stage at which the side
product would occur. Note that only small changes to overall cascade behavior result. As presently
configured, the feed streams are ordered so that the main feed is the one with higher assay. Consequently,
in this case, the output automatically swaps the main and side feed streams.

# MSTAR GUI: version 2019.0.3 - m] X
File  Help
View MSTAR outputs
Output overview Input/output files Cascade data Assay data MSTAR Output MSTAR Error
Cascade Information Machine Information Calculation Information
Edit cascade Enriching stages | 6.30696 Overall separation factor |1.5 Matched component | U235
Stripping stages | 4.21061 Machine flow rate Key component | U238
Fractional stages |true Total number of machines Squared errors | 0
Waste  Main Feed Side feed Top Product
Flow rate 0961778 0.1 1 0.138222
u232
U234 0.00160928 0.001 0.0054 0.0285933
u23s 035 1 0.7204 35
U236
u238 99.6484 98999 99.2742 964714
Save summary to file Open in Excel
Figure 20. Overall cascade results for side feed.
# MSTAR GUI: version 2019.0.3 - m] X
File  Help
View MSTAR outputs
Qutput overview Input/output files Cascade data Assay data MSTAR Output MSTAR Error
Cascade Information Machine Information Calculation Information
Edit cascade Enriching stages | 6,30701 Overall separation factor |1.5 Matched component | U235
Stripping stages | 4.21061 Machine flow rate Key component | U238
Fractional stages | true ] Total number of machines Squared efrors .0

Waste Main Feed Side feed Side Product Top Product

Flow rate 0914159 0.1 1 0.1 00858413
v232

U234 0.00163971 0.001 0.0054 0.0145668 0.0296403
u23s 035 1 0.7204 2 35

U236

U238 99.6484 98.999 99.2742 979854 96.4704

Save summary to file ‘Open in Excel

Figure 21. Overall cascade results for both side streams.
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3.1.3 Integer Stages

Results shown thus far have yielded noninteger numbers of stages, which is not consistent with real
enrichment facilities. The MARC model as derived in Section 4 is constructed so that the calculated
numbers of stages in each section are real numbers instead of integers. This approach is adequate to
understand the overall cascade, as well as general stagewise features that are provided in Figure 18 and
Figure 19. However, if the results need to resemble a real facility, then it is possible to impose integer
stage numbers for locations of all external streams. The modifications to the algorithm are described in
Section 5.2.2, and here we simply illustrate the process.

Specifying integer stages for a problem involving both side streams yields results shown in Figure 22.
Note that the final assays for 23U in tails, side feed, side product, and top product vary slightly from the
values originally specified. If we require exact assays and integer stages, then no solution exists for the
MARC equations. By requiring integer stages, we must relax other requirements, and for MSTAR2019
this is done by allowing 233U assays to vary slightly in order that the equations can be satisfied exactly.
See Section 5.2.2 for further discussion.

# MSTAR GUI: version 2019.0.3 - m] X
File  Help
View MSTAR outputs
Output overview  Inputjoutput fles  Cascadedata  Assaydata  MSTAR Output  MSTAR Error
Cascade Information Machine Information Calculation Information
Edit cascade Enriching stages | 7 Overall separation factor | 1.5 Matched component | U235

Stripping stages |4 Machine flow rate Key component | U238

Fractional stages | false Total number of machines Squared efrors | 9.6191e-17

Waste Main Feed Side feed Side Product Top Product
Flow rate 0909656 0.1 1 0.1 00903438

u232

U234 0.00142849 0.001 0.0054 0.0144241 0.0305296
u23s5 0321477 0880919 07204 1.96022 3.54243
U236

U238 996771 99.1181 99.2742  98.0254 96.427

Save summary to file ‘Open in Excel

Figure 22. Output overview for side streams and integer stages.
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3.1.4 Non-standard Input

We have mentioned that MSTAR2019 includes input flexibility, and in this section we mention several
examples of this feature. The standard input assays are 23U in tails, product, and side product, together
with all assays in main feed and side feed. It is possible to use different combinations of assays if
necessary, although the combinations are subject to the following constraints:

1) Every isotope must have at least one assay specified in some stream.
2) Every external stream must have an assay or stage number specified.

For example, we can substitute the minor isotope 234U for 23°U in tails and product assays, as shown in
Figure 23, and the code will still provide excellent results. Various other combinations are also possible
and will almost always provide good results.

A MSTAR GUI: version 2019.0.3 - m] X
File  Help
View MSTAR outputs
Output overview  Inputjoutputfiles  Cascadedata  Assaydata  MSTAR Output  MSTAR Error
Cascade Information Machine Information Calculation Information
Edit cascade Enriching stages | 7.93851 Overall separation factor .1.5 Matched component | U235
Stripping stages | 2.57926 Machine flow rate Key component | U238
Fractional stages | true Total number of machines Squared errors | 2.9331e-20

Waste  Main Feed Top Product
Flow rate 0882413 1 0.117587

u232

U234 0.0017365 0.0054 00328921
U235 035 0.7204 35

U236

u238 99,6483 99.2742 96.4671

Save summary to file. | Open in Excel

Figure 23. Output overview with minor isotope 34U specified.
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The MSTAR model uses assays in the external streams to calculate the stage numbers where these
streams should occur. However, it is also possible to perform an inverse calculation—specify the stage
numbers, and the code will calculate the assays for streams at those stages. This is illustrated in Figure 24
and Figure 25, where we have taken the output stage numbers from Figure 21 and supplied them as input
instead of 23U assays in tails, side feed, side product, and top product streams. The resulting calculations
reproduce the 233U assays to the same precision as the input values. To account for switched main and
side feeds, the main feed 23°U assay is set to 1% per the side feed instead of 0.7204% (see Section 3.1.2

and Figure 21).

# MSTAR GUI: version 2019.0.3 - ] X
File  Help
Edit cascade parameters Edit advanced parameters
Cascade section information
& Separation factor |1.5 [/] specify number of stages in each section
Edit cascade
Use side feed Main feed stage | 4.2106
[+] Use side product Top product stage | 10.518
[] Integer stages Side feed stage | 2.5793 |
E—
Run
Waste  Main Feed Side feed Side Product Top Product
Flow rate 1 0.1 0.1
O wuv232
M u23a 00054 0001
M u23s 1
O
M 23
Preset Feeds User specified
Figure 24. Input stage numbers.
A MSTAR GUI: version 2019.0.3 - a X
File  Help
View MSTAR outputs
Output overview  Inputjoutputfiles  Cascadedata  Assaydata  MSTAR Output  MSTAR Error
Cascade Information Machine Information Calculation Information
Edit cascade Enviching stages | 6.3074 ] Overall separation factor [ 1.5 Matched component .Uzss
Stripping stages |4.2106 Machine flow rate Key component | U238
Fractional stages | true Total number of machines Squared errors | 7.2029-17

Waste  Main Feed Side feed Side Product Top Product
Flow rate 0834317 1 0.1 01 0.165683
ua232

u234 0.0009923 0.0054 0.001 0.0106871 00217488

U235 0350018 1 0.720469  2.00017 3.50069
U236
u238 99.649 98.9946 99.2785 979891 964776

Save summary to fle | Open in Excel

Figure 25. Output overview with stage numbers specified.
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3.2 PRODUCTION OF HIGHLY ENRICHED URANIUM FROM RECYCLED URANIUM

When MSTAR2019 is first launched, a default case for enrichment of recycled uranium is loaded. This is
one of the standard default cases mentioned in Table 2 and is briefly described in the GUI tutorial
(Section 2.2). In this section, we investigate enrichment far beyond declarations to produce a product of
highly enriched uranium (HEU). This is done through two scenarios, one a single cascade configured to
produce HEU, and the other by using successively higher enrichments as feed.

3.2.1 Single Cascade

Rather than the default value of 3.5% enrichment, we specify a top product of 75%. In addition, we also
specify 1,000 machines on the advanced parameters tab. The resulting cascade is depicted in Figure 26
and contains over 43 stages in the enriching section. More than 99% of the flow is out the tails, as the
product flow rate is quite small. Note the 233U assay in the product stream has been reduced to only 1.5%
and cannot be reduced much further without incurring an error. This effect precludes enrichment to a
product assay much higher than 75% and is discussed in more detail in Section 3.3.1. Very few machines
are involved in the higher stages, as illustrated by Figure 27.

# MSTAR GUI: version 2019.0.3 - o X

Fle  Help
View MSTAR outputs
Ouputoweniew  Inputjoutputfles  Coscodedata  Assaydola  MSTAROutput  MSTAR Error
Cascade Information Machine Information Calculation Information
Edit cascade Enriching stages | 43.1646 Overall separation factor | 1.5 Matched component | U235
Stripping stoges | 296086 Machine flow rate | 0.041709 Key component | uz36
- M - Fractional stages | true Total number of machines | 1000 Squared errors |0

Waste  Main Feed Top Product
Flowrate 099424 1 000576021
u232

U234 000524055 002 256755
U235 035 078 75

U236 0371581 049 209297

u23g 992732 9871 150272

Save summary tofile | Open in Excel

Figure 26. Highly enriched uranium overview.

A MSTAR GUI: version 2019.0.3 - m X
Fle  Help
View MSTAR outputs
Output overview  Inputjoutput fles  Cascade data  Assaydata  MSTAR Gulput  MSTAR Error
Cascade toble ~ Flowratechart  Machines chart  Cut chart
Edit cascade 140, Number of machines
—MNumber of machines
1304 A

120 I\

Number of machines
-
o
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Stage

Resetchart  Save chart image

Figure 27. Machine chart for producing highly enriched uranium.
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3.2.2 Batch Recycle

We again consider input of recycled uranium as feed and enrich to 3.5%. However, we now take this
standard (declared) product of 3.5% enrichment and use it as feed into another cascade identical to the
first. The cascade input is obtained from Figure 17 (or Figure 19) and is shown in Figure 28. An identical
cascade is created by specifying the stage numbers for feed and top product (also gleaned from Figure 17)
rather than tails and product assays. Results are shown in Figure 29 and indicate that a product of

nearly14% enrichment is produced.

File  Help

é

# MSTAR GUI: version 2019.0.3

Edit cascade parameters Edit advanced parameters

Cascade section information
Separation factor | 1.5

[[] use side feed
[] use side product

[[] integer stages

Waste Main Feed Top Product

Flow rate 1
O wuv232
M u234 0.11058
M u23s 35
M uzs 156023
M uas

Preset Feeds | User specified

[ specify number of stages in each section

Main feed stage |2.9834
Top product stage | 10.586
Side feed stage

Side product stage

Figure 28. Input for batch recycle.

File  Help

A

Edit cascade

*~ MSTAR GUI: version 2019.0.3

View MSTAR outputs
Output overview  Input/output files
Cascade Information
Enriching stages | 7.6026
Stripping stages |2.9834

Fractional stages | true

Cascade data

Assaydata  MSTAR Output
Machine Information
Overall separation factor | 1.5

Machine flow rate

Total number of machines

Waste  Main Feed Top Product

Flow rate 0.846579 1 0.153421
U232

U234 00320333 011058 0544

U235 160186 35 13.9739
U236 10419 156023 442038
U238 973242 948292  81.0617

Save summary tofile. | Open in Excel

MSTAR Error
Calculation Information
Matched component | U235
Key component | U238

Squared errors | 1.4417e-27

Figure 29. Results of batch recycle.
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If in the same way this 14% product is again used as feed to an identical cascade, the result is a product of
almost 40% enrichment. A summary of the successive enrichments is provided in Error! Not a valid
bookmark self-reference.. If the product at 67% enrichment is used as feed in an attempt to produce very
high enrichment, an error occurs. This is the same difficulty that was mentioned in Section 3.2.1, where
enrichment beyond 75% 23U was problematic. Simulating this additional enrichment step is still possible,
but special procedures are needed, as outlined in Section 3.3.1 and Appendix F.

Table 4. Batch recycle to obtain highly enriched uranium from reprocessed uranium.

L. Product Assays (%)
Feed description gy 25y 26y
1. Initial recycled U 0.11058 3.5 1.56023
2. Product from step 1 0.544 13.9739 4.42038
3. Product from step 2 1.90771 39.7702 8.92732
4. Product from step 3 3.98201 67.3713 10.7315
5. Product from step 4 Error incurred-key isotope too small

3.3 CASES THAT DO NOT WORK

This section describes a few cases that are impossible to achieve physically or for which the MARC
model cannot produce a result without special treatment.

3.3.1 Recycled Fuel to Very High Enrichment

This discussion is a follow-up to the limitations encountered in Section 3.2. From Figure 26, we note that
the assay of 28U in the product stream is very low, and if further enrichment is attempted, this inventory
will dwindle to near zero. This complication is notably present in production of HEU from recycled U,
since both 235U and 23°U are being enriched. In a real cascade, such enrichment could be allowed to
happen, but in the MARC formulation, the 28U is usually the key isotope. Enrichment of other isotopes is
measured by their ratio to the key isotope. It then becomes problematic for a quantity in the denominator
of a ratio to approach zero, and the algorithm breaks down. The code will give an error if this is
attempted. This problem can be alleviated by changing the key isotope from 238U to 236U, a process that is
described in APPENDIX F.
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3.3.2 Side Product Too Large

If we run the standard case of recycled uranium, the product flow rate is 13.6% of the feed flow, with the
remainder exiting the cascade through the tails (see Figure 30). If we add a side product with 23°U assay
of 2% and a flow of 0.1 (i.e., 10% of the feed flow), the top product flow is reduced to 8.4% of the feed
flow. If the side product flow is increased to 0.2, the top product is further reduced. If the side product is
increased to 0.26, the top product is barely a trickle, and if the side product is increased still further, the
top product stops altogether or becomes negative. A negative value indicates that the top product actually
needs to become a feed stream to provide the outflow for the side product. At this point, the code outputs
an error.

16
14
12

10

Top Product (% of Feed Flow)

0 5 10 15 20 25 30
Side Product (% of Feed Flow)

Figure 30. Side product effect on top product.
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3.3.3 Side Feed Assay Too Small

This case is similar to that of Section 3.1.2 for main feed of natural uranium and a side feed. Previously a
side feed with assay 2% was used (Figure 20) and produced good results. If we lower the assay of the side
feed, then its location in the cascade will decrease. Imposing a side feed of depleted uranium with 233U
assay of 0.3% and 0.001% 23*U results in an error, as shown in Figure 31 and Figure 32, and serves to
illustrate the constraints of this model. It is unrealistic that a feed stream even more depleted than the tails
stream would be fed into a cascade because this would require more separative work and lower
production than if the side feed were not even present. If we raise the side feed assay, we continue to see
an error message until the 2*3U assay exceeds 0.525%. The reason is that the feed assay for stage 2 with
no side streams is 0.525% (see Figure 19), and because this is the lowest stage at which a side feed could
occur, this assay is the lower limit for a side feed to the cascade.

#” MSTAR GUE: version 2019.0.3 - O X
File  Help
f_\ Edit cascade parameters  Edit advanced parameters
Cascade section information
Separation factor | 1.5 ["] specify number of stages in each section
Edit
Use side feed Main feed stage
[] use side product Top product stage
[ integer stages Side feed stage
Side product stage

Waste Main Feed Side feed Top Product

Flow rate 1 0.1

O

2

U234 0.0054 0.001

K ©

u235 035 07204 03 35

O

&

u23s 99.2742

Preset Feeds  User specified

Figure 31. Low side feed assay input.

# MSTAR GUE: version 2019.0.3 - O X
File  Help
View MSTAR outputs
Output overview  Inputjoutput files  Cascadedata  Assaydata  MSTAR Output  MSTAR Error
oren: ***ERROR™** Side feed stage lower than tails stage. Revise stage numbers or ass
Edit cocada oren finhed
SM¢

Figure 32. Error for low side feed assay.
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4. GENERAL DESCRIPTION OF MODEL

Having discussed the basic usage of the code, we now explore the fundamental mathematical
development behind it. Much of the development in this section is obtained from unpublished notes of Ed
Von Halle [5]. Some of his derivations have been modified so they are expressed in a form that may be
easier for most readers to understand. In addition, some minor errors have been corrected, and a more
thorough explanation of the equations is given.

4.1 EXTERNAL VARIABLES

Shown in Figure 33 are the principal regions and external variables in an enrichment cascade with side
streams. The following quantities are associated with external streams and the stages where they enter or
exit the cascade:

Xip, Xig, Xir, Xig, and X;y = assays in external streams: product, side product, feed, side feed, and
waste for isotope i

Np, Ng, Ng, and N = stage numbers for product, side product, feed, and side feed (waste stream
is drawn from Stage 1)

P, G, F, E,W = flow rates for the various streams, all in consistent units

The flow rates represent mass or molar flows of UF4 and can be given in any useful unit such as
kilograms per year (kg/y), milligrams per second (mg/s), or moles per hour (mol/h). The
interchangeability of mass and molar flow units may seem incongruous on the surface. The internal
calculations are based on gas dynamics and therefore use molar balances. Enrichment capability is usually
related to mass of natural uranium feed, an easily measured quantity; hence, mass flow terms are often
preferred for practicality. The molecular weights of UF for the two principal isotopes are 349 and 352
(for 235U and 238U, respectively). The relative difference in these values is small enough that mass and
mole fractions are nearly identical and can be interchanged with little impact on the accuracy (or utility)
of calculations.
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As depicted in Figure 33, all flow rates are shown as leaving the cascade; hence, feed rates (F and E) need
to be negative numbers for calculational purposes. Note also that the distinction between side and main
feeds is somewhat academic. Both are feed streams, and we usually consider the main feed to be the
largest. The ordering above suggests that the side feed is located below the main feed, but it could just as
well occur above it. Note the feed streams actually enter the cascade at the next higher stage. Thus, under
conventional parlance, the main feed stage is Nr +1, and the side feed stage is Ng +1.

I—v‘ Stage Np

T
! ; l
| Stage N; + 1 }-—‘

G, XiG

]—>| Stage Ng

{
| Stage Np + 1 }4—‘
FX!F
|

‘—>| Stage Ni
!

Slage Ng +1
E X,E
Stage Nz |

pra—

«—

f : l
J Stage 1 |.J

l W, Xiwr

Figure 33. Cascade sections and external variables.

The quantities in Figure 33 completely define the cascade operation. They are interrelated by equations to
be derived, and once some of them are supplied by the user, the others can be calculated. Because there is
no material accumulation or loss within the system, the overall balance equations for flows and assays
must be satisfied by

P+G+F+E+W=0, (2a)
PXl'p+GXig+FXiF+EXiE+WXiW=0, i=1,...,1. (2b)

Furthermore, because they are defined as mole or mass fractions, assays are normalized according to the
equations:

ZXLP = lea = ZXLF = ZXLE = lew 1. (a-e)
i=1 i=1 i=1
Note these equations are not independent because summing Eq. (2b) over all isotopes and applying Eq.

(3) yields Eq. (2a).
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4.2 INTERNAL CASCADE OPERATIONS

Having identified those external variables which govern overall cascade operation, we now investigate the
internal workings and variables that describe stagewise detail. With reference to Figure 34, we begin by
defining the isotopic assays and overall flow rates in feed, product, and waste streams for each stage:

Zin, Yin» Xin = assay in feed, product and waste streams of stage n for isotope i
Ly, Ly, Ly, = feed, product, and waste flow rates for stage n

Ain, Ain, Aiy = feed, product, and waste isotopic flow rates for isotope i at stage n
Ty, Tin = net upward flow rate and assay of isotope i above stage n

Tn Tin
r rr .
n+1 “Yin+1 Xin+1
1) )
ILn Rin Yin
il Ln Rin Zin
X » Stagen
rr r
J'Ln Rin Xin

! !
Lpn—q Ri,n—l Yin-1

Figure 34. Stagewise variables

Note from these definitions that
Ain = LnZin Aén = L’nyin A;'n = L’rixin- (4a,b,c)

From simple material balances on flows and isotopes, we see that
Tn=Ly—Ln+1 (5a)

and
Tin=LnYin—Lny 1Xin+1=Nin —Nins+1. (5b)

All separations involve relative concentrations of one (or more) isotopes compared to another. Hence, we
define one isotope to be the key isotope, the one against which all others are assessed (usually this is 238U)
and designate it with the index k. Neglecting the stage index for now, the abundance ratio is the ratio of
any other isotope to the key component:

R—Zi R'—yi R”—xi i=1,2,..,1 6
i_Zkl l_ykl l_xkl 1= ) Ly ey L (a)
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We recognize that all assays must sum to unity, which implies

E:R 1 R . i=1,2,..,1 6b
= Z: =7 i L=1,4,..,1.
i Zk i kv ZRj ( )

Note that analogous relations would hold for R; and R;. The overall stage separation factor is defined as a
ratio of abundance ratios—the product ratio divided by the waste ratio:

yi/yk

i=1,2 .., 1 (7)

;

R
R xi/xk ’

For simplicity, and because it is a very good approximation, we assume that the stage separation factors
are independent of stage.

We also note from Eq. (7) that

Yk Yk 1 ax;
yi= i =>Zyl—1——kz ax=, = =y (®)

I
i=1 i=1 Zi =1 %X Zj —1%%j

As mentioned in the introduction, the matched abundance ratio cascade (MARC) imposes an assumption
in which we minimize mixing losses for a principal component, usually 2*U. As seen in Figure 1, the feed
to a stage is composed of the downflowing (waste) stream from the next higher stage and the upflowing
(product) stream from the next lower stage. For MARC, we assume the assays in these streams are equal
for one isotope (the matched component). Denoting this matched component with the index m, we have

’

R’m,n —-1= R;In,n +1 Or Rm,n = R;’n,n +2
which can be combined with Eq. (7) to get

Rmn+2 amR _aanRmn 25 e = a?n/ZRmZ—Bm Rz, )

where a,, = B2,

Now, combining Egs. (5a), (5b), and (8) produces
diXin

L‘;’;. +1Xin+1 + T = nYLn (Ln +1+ Tn))"m (Ln +1+ Tn)— . (10)
= 1%%Xjn

30



We now define the stagewise isotopic flow rates Aj, = LyX;, and substitute into Eq. (10), which yields

A [ LivatTol
in+1 = |7 7 |%hin= —Tin- 11
anj _ 1ajxj,n

We note that the quantity in brackets is independent of isotope and may be independent of stage as well.
We show in APPENDIX A that this quantity is equal to ;" for all values of n, which allows Eq. (11) to
be written as

"

Aip+1— ' Ny =—Tin, (12a)
where
of = /B, (12b)
Combining Egs. (5b) and (12a) yields

"

Ain=ai A, . (13)

We now use Eq. (12a) repeatedly, so that for any two stages in a common section of the cascade (where
T;n = T; is the same for every stage):
Ny =i Njp—1— 7= (& Ny — 1) — 1= (7 ) *Afp—2 — (1 + ")
= ((ll‘*)z((li*AZn—B —)—t(1+a’)= (ai*)gAZn_3 — ‘L'i[l +a + (ai*)z]
=..= (a{“)"—jA;} — Ti[l +a + (ai*)z... + (ai*)n_j_ 1] (14
1— () )TL —J

= (e )"0 = -

Note that Eq. (14) assumes that ;" # 1, which is usually true. The special case of @;* = 1 is discussed in
Section 4.8, where alternate equations are derived. This relation holds for any section of the cascade
where 7; is constant and does not change with stage number. It is the fundamental equation describing
stagewise progression of flow.
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4.3 JUNCTIONS BETWEEN CASCADE SECTIONS
We now consider the stages immediately above and below external streams of the cascade as shown in
Figure 35 for the junction between the top product section and the side product section. We attach a
superscript in parentheses to denote the section in which a flow is considered. Balance equations for this
junction are

AL =80+ 1+ 7 = AR+ 1 + PXip, (15a)

and

A’l,(l(\;g = A:S\]GG)+ 1 + TL(G) = A;:%;G)_;_ 1 + PXl'p + GXig. (15b)

) Stage No +1 [« NG
tNg+1| WNe .
1n(G) >
A
iNg+1 NG G, X
I——  Stage N; hNe

Figure 35. Junction between top two sections.

Here, we recognize A}:&;’Z)Jr 1 as the downflowing stream that leaves stage Ng +1, and A}:S\]GG)JF 1 is the
downflowing stream that forms part of the feed into stage Ns. Likewise, A'i_(ﬁg is the upflowing stream that
leaves stage N, and A}Fﬁg is the upflowing stream that contributes to the feed into stage N; +1. From
Figure 35, it appears that appropriate balance equations at the junction (the dashed line) are as follows:

A =01 and AR =AY +6Xi6 . (16a)

Note that Eq. (16a) is slightly different from the junction treatment of Von Halle [5], which is discussed
further in APPENDIX B. For the junction points of other cascade sections, the analogues for Eq. (16a) are
ANfRr1=AP+1 and AR = AR+ FXir, (16b)
and

(16¢)
Mifer= A1 and A = A+ EXie
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4.4 SECTIONAL CASCADE EQUATIONS

We now continue to follow the general treatment of Von Halle in developing the governing equations for
each section of the cascade. The principal equation is Eq. (14), which is applied within each section.

4.4.1 Top Section

This section is located between side product and top product (i.e., for stages between N; +1 and Np
[inclusive]). In this section 7; = PX;p. Using Eq. (14) withn = Np +1 and j = N; +1 in Eq. (14) gives

Np—N
1 _ (a*) P G
" * Np—N " !
A e1=0=(a;)"" "N 1 — PXip " ,
1— a;
which is rearranged to get
«\ = N6 A n(p) (@) o (@) "
(@) A1 =PXp — (17a)
=
Utilizing Eq. (13), we also have
Ve — e | @D
(a) " AE) = PXipai 1 (17b)
-

4.4.2 Section G

This section represents stages between the feed and side product (i.e., between stages Ng +1 and N
[inclusive]), where T; = PX;p +GX;;. Substituting n = N; +1 and j = Ny +1 into Eq. (14) gives

1 _ ((l'*)NG—NF
12 * N _N 12 l
NSOy 1= (a7 ) AP 1 — (PXip + GXi6)

1—(11'*

which can be rearranged to get

_ _ (@) ™" = (ar) ™
(@) "8 1 — (o) "D+ 1 = (PXip + GXi6) 1 : (18a)
;-
Again using Eq. (13), we have
~ ~ (a-*)_NF—(a'*)_NG
(ai) NFA%S@ —(a) NGAE,(@ = (PXip + GXig)a)* - P l : (18b)
l
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4.4.3 Section F

This section represents stages between the two external feed stages (i.e., stages between Ng +1 and Np
[inclusive]). This section is completely analogous to Section G, except for 7; = PX;p +GX;c +FX;r.
Hence, we will simply record the resulting equations without derivation:

~ ~ (a-*)_NE—(a-*)_NF
(@) "N 1 — () Y841 = (PXip + GXig + FXip) : 1 l (19a)
L
_ . (@)™ = (a) ™
(o) ™A — (a7) VA = (PXip + GXig + FXip)atit |— 1 : (19b)
L

4.4.4 Section E

Section E is the lowest section between stage 1 and stage N (inclusive), where T; = PX;p +GX;c +FXir
+EX;g. Usingn = Ng+1and j = 1 in Eq. (14) gives

1—(a)"

n * N n
AP 11 = (a7 ) A — (PXip + GXig + FXip + EXi5) —
- Ug

(20)

Now, A{E) is the downflow of isotope i from the bottom stage, which is also the waste flow from the
entire cascade; hence, A/{E) = WX,;y. The overall isotopic balance of Eq. (2) gives

A =WXyy=— (PXip + GXig + FXip + EXip) = — (8 | (20a)

Substituting Eq. (20a) into Eq. (20) and rearranging gives

* _NE " E) (E) (E) (al*) - NE - (al*}
— (@) A = + 1 T (PXup + GXig + FXup + EXop)|— —— (@l
—a r_
Using Eq. (21a) together with Eq. (13), we have

—N
e (a7) 7"

(a7) AR = o (PXp+GXG+FXF+EXlE)ﬁ. (21b)
F_
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4.5 GENERAL CASCADE EQUATION

The sectional equations in the previous section express the cascade properties in terms of the internal flow
rates as well as the external streams. We wish to establish relationships between the external streams that
do not involve internal stagewise variables. To do this, we add Egs. (17a), (18a), (19a), and (21a).
Alternatively, we could add Egs. (17b), (18b), (19b), and (21b), which would provide the same result.
Adding the left sides of Egs. (17a), (18a), (19a), and (21a) gives

() ™ N1+ () ™ AR = () T D1+ () T A — () AR

N (22a)
— (&) A =0
Adding the right sides of the same equations and simplifying gives
x\ T *\ T *)—N x)—N
@) "= (@)™ (ar) ™" = (ar) .
PX:p - + (PXip + GXi6) - + (PXip + GXig + FXir.
a; — 1 a; — 1
«\—N «\—N * «\—N
(ai ) - (Ofi ) ’ (Px cx Fx EX.2) a; — (Ofi ) ’
ai* _ iP iG iF iE a,-* ~1 (22b)
1 * xy —N * xy —N * sy —1
= 1{PXiP[ai — (&) "] + GXiglar — (@) ") + FXirlai — (@)
F -
* * —N
a —(a;i) E]} .
Equating Egs. (22a) and (22b) yields the equation
* xy —N * xy —N * xy —N *
o 1{PXiP[ai — (@) P] + GXiG[ai — (') G] + FXiF[Ofi — (@) F] + EXL'E[Ofi - 23)
=
=0.
which can be simplified to get
wn —Np—1 wy—Ng—1 wy —Np—1 ¥
PXip[1 = (@)™ ]+ 6Xi[1 = (@) T FX[1 = @) T T EXu1 - (@) g

=0, i=1,..,1L
Substituting Eq. (2) and rearranging produces the following alternative form, which is useful in practice:
* * _NP * _NG * _NF * _NE
WXwaim +PXip(a;’) " +G6Xig(a”) ° +FXip(a")  +EXip(a) —=0. (23b)

Equation (23) is true for each isotope and involves only the external stream variables, numbers of stages,
and the separation factors. We note that Eq. (23) is slightly different from the result that Von Halle
obtained, as described in APPENDIX B.
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4.6 SECTIONAL STAGE NUMBERS
By itself, Eq. (23) cannot distinguish the numbers of stages within each section of the cascade. However,

using the abundance ratio equations for the matched isotope, we have additional information to determine
these numbers. Combining Eqgs. (7) and (9) gives the relation

Rinn = B Rinj 24

which is true throughout the cascade, including at junction points where external streams are located.
Applying Eq. (24) in the top section gives

Ry = B MRy,
From Egs. (1) and (9), we note that for the matched isotope, we have a = a,, = %, which implies that

In (Rin,/Rmn,) 2 Xmp/Xp

Ne=Ne=""0y @™

(25a)

XmG/XkG

Similar equations can be developed for the other points involving stage numbers and external streams:

[XmG/X 6]
Ng—Np= In
T T I @ X/ (25b)
No N 2 | X /X ]
J— — n
PN T I @ X /x (25¢)
For the bottom section, we have
Rinwe =B~ "Ri = @Byt~ 'Riny = B 'R
Consequently, for this section, we have the relation
N ) 2 | XmE/X o5
=-1+ n .
E In () XmW/X (25d)
We note that if there is no side feed, then Egs. (25¢—d) are replaced by the single equation:
N 1 . 1 Tt
=—1+ n )
d In (@) " |Xmw/x,,, (25¢)

and if there is no side product, then Egs. (25a-b) are replaced by the single equation
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N N 2 | XmP/X op
P F In ((Z) XmF/XkF ( f)
4.7 APPORTIONMENT OF PRODUCT STREAMS
Additional information is needed to determine minor isotope ratios. From Eq. (17b) we have
o 1— (a)" "
Aijn, = PXipa a1 (26)

From the definition of the isotopic flows A;,, we can determine both the stagewise flows and assays:

N
L= K, Yi=—r @7)
i Ln

Combining Egs. (26) and (27) yields

i@t
iPQ; N
AE,NG [04] —1
Xic=Yin, = L, = 1—(aj*)NG_N”_1 . (28)
YAXpaj
| IPY af —1

4.8 SINGULARITIES

In some cases, it is possible that a value of @;" may be equal to unity, such as when the matched isotope is
234U instead of 23U. If the key isotope is 238U and reprocessed fuel is used, then for °U, ;" = 1. This
poses a substantial problem, since many of the derived equations in previous sections have the term a;"
—1 in the denominator, among other things. In these situations, the singularities can be removed by
taking limits of the equations as a;" —=1. The following modified equations reflect the treatment for this
special situation:

PXip(Np+1) + GX;c(Ng+ 1) + FXig(Np + 1) + EX;g(Ng+1) =0, (23%)

which can also be expressed as

PX;pNp+ GXiGcNg+ FX;gNp + EX;gpNg — WX,y = 0. (233*)

Numerator of Eq. (28) = X;p(Np —N;+ 1) . (28%)

37



Similar considerations must be made elsewhere in this development and will be recorded. Note that for
the matched component, we cannot have @, = 1 because this would imply that @ = 1, and no enrichment
would occur. Hence, Egs. (25a—f) are unaffected.
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5. GENERAL SOLUTION PROCEDURE

The complete list of external variables is shown in

Table 5. If these are known, then the cascade is completely defined. Some of these variables will be
specified as input parameters, but others will be calculated using the equations developed in Section 2.
Note although the derivation has tacitly assumed that numbers of stages are integer quantities, the final
governing equations, especially Egs. (25a—d), indicate that noninteger values will likely result. Because
real enrichment plants do have integer numbers of stages, we provide an option in Section 3.1.3 for
outputting integer numbers of stages. However, the basic solution process assumes that these quantities
are real numbers, which means that fractional stages can (and generally do) result.

Table 5. Cascade variables.

Index Variable Description
1 a Separation factor for matched component
2 Ng Stage number for side feed
3 Np Stage number for main feed
4 N¢ Stage number for side product
5 Np Stage number for top product
6 w Mass flow rate of tails (waste) stream
7 E Mass flow rate of side feed stream
8 F Mass flow rate of main feed stream
9 G Mass flow rate of side product stream
10 P Mass flow rate of top product stream
10 +i Xiw Waste assays
10+1+i Xig Side feed assays
10+ 21+ Xir Main feed assays
10+31+i Xic Side product assays
10+ 41+ Xip Top product assays

There is a total of 10 + 5I unknowns if both side streams are included. The number of independent
equations derived in Section 2 is 5 + 3/ as summarized in Table 6. We thus expect that inputs should total
5+ 21

Table 6. Summary of equations.

Description Equation Number
Sectional stage numbers 25a-d 4
Isotopic normalizations 3a-e 5
Isotopic balances, i+ mk 2b I1—2
Flow balance 2a 1
Cascade equations, i #mk 23 1—2
Product assay relations, i #m 28 I—1
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5.1 SOLUTION ALGORITHM

Having derived a set of governing equations in Section 2, we now look to methods for solving them and
fully characterizing an enrichment cascade. Because the equations are nonlinear, an iterative approach
will be necessary.

5.1.1 Von Halle Solution

In his original formulation [5,6], Von Halle made strict input requirements, specifying that all of the input
variables shown in Table 7 must be supplied by the user. The solution algorithm depends on knowledge
of these values and will not attain a solution if they are not available. Summing the last column indicates
that a total of 5 + 2/ inputs are required. Von Halle does allow top product flow and assays to be
specified instead of feed flow and assay, but this is the only flexibility allowed.

Table 7. Input variables required by Von Halle.

Description Variable Number
Flow rates for feed, side feed, and side product E,F,G 3
All assays for feed and side feed Xir, Xig 2(1—-1)
Assay of matched component in waste, product, side product Xow, Xmpr Xme 3
Separation factor a 1

If all the inputs from Table 7 are supplied exactly, we adopt the following algorithm, which bears some
similarity to Von Halle’s approach:

1) Determine remaining flow rates using Eqgs. (2a) and (2b), evaluating the latter for the matched
component i = m:

p= [G(XmG _XmW) + F(XmF _XmW) + E(XmE _XmW)] / (XmP _XmW) . (293)

W=—P+G+F+E). (29b)

2) Approximate all minor isotope assays (anything that is neither the key nor matched component). A
simple form is as a small fraction of the matched component:

Xiw=Xmuw*0.01, Xig=X,c*0.01, X;p=X,,,p*0.01, i+mk. 30)

3) Calculate approximate values for the key isotope (>3¥U) using the isotope normalizations in Egs. (3a—
e). The equation for Xp is given below, and analogous equations hold for the other external stream
assays:

Xszl_ZXiP . (31)
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4) Calculate stage numbers from Egs. (25a—d) using key assays from Eq. (31) and the matched assays
supplied as input.

5) Calculate the minor isotope assays for top product, side product, and waste streams from Egs. (2b),
(23), and (28). Note that the use of Egs. (25a—d) in step 4 precludes use of these equations for the key
and matched isotopes because these equations are not independent (see APPENDIX C). Because
these equations are nonlinear, we adopt a simple iterative scheme that uses a secant method update:

a) Assign initial estimates calculated in step 2, which provides X%.

b) Calculate updates X;; from Eq. (28) and X;;y from Eq. (2b).

c) Calculate from Eq. (23a) using the latest updates for all quantities:

_NE

Co=WXwai +PX%(ai) """ + GXiglai') ™" + FXip(a) ™" + EXip(ai) (32a)

d) If |c 0| < €, terminate iteration.

e) Modify product assay X}» = yX% and repeat steps b and ¢ to obtain Cy. The multiplier is either
0.99 or 1.01, depending on the value of Cy.

f) If |C1] < €, terminate iteration.

g) Calculate a new product assay using the secant method:

C 1(x?P - xilP)
yNew — y1 | 7 32b
iP iP (C1 CO) ( )

h) The new update replaces the worst of the previous estimates (i.e., max{|Co|,|C1|}), and steps f-h
are repeated until convergence is achieved.

In practice, 3—20 iterations have usually been sufficient to provide convergence for € = 10 12, This is
true even though the minor isotope initialization in Eq. (30) may be quite coarse, as in the case of
reprocessed uranium where the 23°U content may be as large as the 23°U value.

Note that steps 2 and 3 of the larger process involve approximations and must be iteratively refined as
well. This outer iteration usually only requires a single repeat.

This solution approach has been demonstrated in practice to be quite robust, allowing a solution to be
obtained for virtually any input values, provided that all input parameters in Table 7 are supplied. For this
reason, we employ this same solution procedure in the next section even when the user-supplied inputs
vary from those specified in Table 7.

5.1.2 Generalized Solution

We wish to allow more flexible input options (i.e., substitutions of other variables for those required by

the Von Halle solution in Section 5.1.1). Table 7 requires that all feed assays are known and assays for the

matched component are known in all external streams. It may be possible that a solution could still be
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obtained if other assays (such as those for minor isotopes) or flows are substituted for those required by
the Von Halle solution. It may even be possible to substitute other variables such as stage numbers if the
separation factor is not known. Even though we have conducted extensive testing of the code, minimum
requirements for input variables have not been conclusively addressed. Consequently, the user should be
careful about deviating too strongly from the input recommendations in Section 5.1.1.

To begin, we define two sets of variables:
Y={y | y is an input variable supplied by the user}, (33a)
Yvu={y | y is an input variable required by the Von Halle formulation} . (33b)

Note that elements of Yy are listed in Table 7 at the beginning of the previous section. For each input
variable, we consider the following situations:

yEYﬂy&YVH=>yEG, (343)
yeYnyeYy—=yezZ. (34b)

Thus, the set G contains all input variables that are supplied by the user, but are not required by the Von
Halle formulation; these variables are arranged in a vector g = (gl, G2y g,g)T, where g; € G. Conversely,
the set Z contains all input variables that are required by the Von Halle formulation, but are not initially
supplied, and must be computed. The variables in Eq. (34b) are arranged in a vector z = (Zl,Zz,...ZIZ)T,
where z; € Z. (Note that some variables may not be in either set; that is, they are given and required by the
Von Halle algorithm, or else not given and not required.)

A new algorithm is devised that uses an initial estimate of Z and runs the Von Halle algorithm; output
from this calculation include computed values g; € G that are arranged in the vector g = (91,929 Ig)T
which is then compared to the stated input g . The estimate of z is refined until the computed g closely
matches the given input g. This entire process is summarized by the optimization problem: determine the
optimal vector g *, where

g" =argmin |lg - §|I* = argmin L,[g:(2) - 4. (35)

The optimization can be performed by any number of procedures. In practice we use a combination of
steepest descent, Broyden-Fletcher-Goldfarb-Shanno (BFGS), and Gauss—Newton algorithms, together
with line search as proposed by Fletcher [14]. This approach has been used successfully in a number of
previous applications, including the MSTAR’12 code.

5.2 AUXILIARY CALCULATIONS
Once a solution from Section 5.1 has been obtained, the entire cascade is completely defined. However,

additional output may be useful and can be calculated in a straightforward manner. This includes
stagewise quantities and perhaps modifications that may assist the analyst such as integer stages.
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5.2.1 Stagewise Quantities

After calculating the overall cascade variables in

Table 5, we now wish to calculate stagewise flows and assays. First, we note from Figure 33 that all
external streams other than the waste stream leave from the top of a designated stage. Furthermore, the
stage variables Np, N, Ng, and Ng are not constrained to be integers. The governing equations cast them
as real variables, and contrary to a real enrichment plant, they often are not integers. Thus, when
fractional stages are present, interpretation of stagewise quantities may be somewhat confusing.

Because the top product is usually the most important output quantity, we start with stage Np and
progress downward through each region of the cascade. As previously observed in Section 4.4.1, Aiy, + 1
= 0, and from Eq. (12a) we calculate new stage values progressively downward with the equalities:

Tin+ Ain+1

A= , (362)

*

;

where in the topmost section 7;;; = PX;p. This is followed by calculating the upflowing assays from
Eq. (13) and the stagewise feed, product, and tails flows and assays from definitions and Egs. (4a—):

=Y A L= A Li= ) A, (36b)
L l L

(36¢)

xin=L ) Yin=
n

These equations all remain true within a distinct region. When a region boundary is encountered, then a
partial stage is likely to result, with the downflowing stream calculated by Eq. (14) instead of Eq. (36a).
The upflowing stream is still calculated by Eq. (13).

The four regions are designated as follows:

Region Stages
Upper enriching section Np,Np_1, ..., Ng4+1
Lower enriching section Ng Ng—1, .. Np41
Upper stripping section Np,Np_1, ... Ng 41
Lower stripping section Ng, Ng_+4, ..., N1

If one of the side streams is not present, then the lower and upper sections are combined to form a single
enriching or stripping section. We will always have a value for Np and Ny (and Ny, which is always 1).

5.2.2 Integer Stages

Real enrichment facilities have integer numbers of stages. Although the cascade equations were derived
with this in mind, and the subtle implication that the stage numbers were integers, in fact the solutions to
the governing equations (as described in the Section 5.1) clearly allow for the stage numbers to be real

numbers. However, to make the calculation more consistent with real operations and simplify the output
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somewhat, we may wish to constrain the problem to have integer numbers of stages. In this case, we will
have to either relax the values of other variables or allow the governing equations to be satisfied only
approximately. The latter case is not particularly desirable because it will likely result in compromise of
mass balance or isotopic normalization, which itself is confusing. Hence, we choose to relax some of the
specified variables, assays in particular. From Eqs. (25a—d), the stage numbers depend directly on the
matched and key component assays of external streams. Any other dependence is minimal and indirect.
Hence, these assays are principal choices for relaxation, unless they are already unspecified.

After obtaining a solution without the constraint of integer stages, we use this result as an initial estimate
for modeling integer stages. We then conduct a second calculation (completely automated internally)
according to the following steps:

1) Round each of the stage numbers Np, N, N, and N to the nearest integer.

2) For each stage number, include it in the set Y described in Eq. (33a). If a side stream is missing, it is
not included in the analysis.

3) For each stage number, choose an assay at that stage to remove from set Y.

4) Rerun the generalized model. The assays whose values have been relaxed will vary somewhat from
their original values, but all balance equations will be satisfied exactly.

In some cases, the automated rounding in step 1 may be unsatisfactory, and the user may prefer different
stage numbers. In this case, the user can specify directly the desired stage numbers, as illustrated in Figure
24.

5.3 CASES WITHOUT BOTH SIDE STREAMS

The development and solution procedure in Sections 5.1 and 5.2 are made assuming that both side feed
and side product streams are present. However, many cases may lack one or both of these quantities. The
solution procedures outlined in Section 5.2 still apply, with appropriate modifications as described in this
section. In addition, the auxiliary calculations from Section 5.2 will also apply in a straightforward
manner to these cases. We recall from

Table 5 and Table 6 that when all side streams are present, the total number of variables is 10 + 51, and
the total number of equations is 5 + 31. We also recall that the required number of inputs from Table 7 is
the difference between these two amounts, or 5 + 21. Note that when counting numbers of isotopes,
Table 5 considers all of them so that each isotopic variable includes I values. However, when considering
isotopic variables in Table 6 and Table 7, they have fewer than I values. Table 8 summarizes the numbers
of variables, equations, and inputs for each of the cases of varying side streams.

Table 8. Number of variables, equations, and inputs.

Description Variables Equations Inputs
Base case—all external streams 10 + 51 5431 5421
No side feed 8+ 41 3431 5+1
No side product 8 + 41 5+21 3421
No side streams 6+ 31 3421 3+1
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5.3.1 No Side Feed

In this case, the feed mass flow rate E is zero, and the assays X;r and stage number N are irrelevant (see
Table 5). Hence the problem has 2 + I fewer variables, resulting in 8 + 4I remaining variables. The
number of equations (cf. Table 6) is reduced by 2 because Eq. (3d) is no longer needed, and Eq. (25¢)
replaces Egs. (25¢,d). With only 3 + 3! equations, the number of required inputs would be (8 + 41) —
(3 + 31) =5 + 1. By eliminating side feed flow rate E and assays X;r from Table 7, we recognize that
there are exactly 5 + I remaining input variables. These numbers are summarized in the second row of
Table 8.

The solution procedures in Sections 5.1.1 and 5.1.2 can now be applied to the reduced set of equations
with virtually no further modifications. Stagewise quantities or integer stages can also be incorporated
with little difficulty.

5.3.2 No Side Product

This case is similar to the absence of side feed but slightly more complicated because Eq. (28) is no
longer applicable or necessary. The flow rate G is zero and side product assays X;; and stage number N
are irrelevant. As in the case of no side feed, there are 2 + I fewer variables, leaving 8 + 4/ remaining.
The number of equations is reduced by elimination of Eq. (3b), Eq. (28), and replacing Egs. (25a,b) with
Eq. (251). This reduces the number of equations by 2 + (I — 2) = I, so that 5 + 2] equations remain.
Thus, we expect that the number of required inputs would be (8 + 41) — (5 + 2I) = 3 + 2I. From Table
7, this is exactly the number of inputs remaining after the elimination of the matched assay X, and the
side product flow rate G.

As in the case of side feed, the solution procedures from Sections 5.1.1 and 5.1.2 can be implemented
with little difficulty.

5.3.3 No Side Streams

This case combines those of Sections 5.3.1 and 5.3.2. Both side stream flow rates are zero, and the
corresponding assays and stage numbers are irrelevant. There are 4 +21 fewer variables, resulting in 6
+3I remaining. The number of equations is reduced by 2 +1, resulting in 3 +2] remaining. Thus, the
number of inputs would be (6 + 3I) — (3 + 21 ) = 3 +1. This number is verified in Table 7 by removing
the assays X;r and X ¢, together with the flow rates E and G, which leaves exactly 3 +/ inputs remaining.
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5.4 INCORPORATION OF MACHINE FLOW

In some cases, it may be helpful to incorporate feed flow rates for individual centrifuge machines and to
estimate the numbers of machines per stage. The latter can be determined from the stage flows, although
this issue is complicated somewhat by the possibility of fractional stages. If the total number of machines
is known, then they must be apportioned among all the stages according to the flow in each stage. If the
feed flow rate into each machine is also known, then this provides an estimate for the throughput for the
entire cascade. If the cascade throughput and machine flow are known, then the number of machines can
be estimated. These quantities are related by the simple equations:

L
L=mM, M,= E" (37a,b)

where L is the total cascade flow rate, M is the total number of machines, and m is the feed flow rate into
each machine. The total cascade flow rate comprises all the feed flow in every stage, and is obtained by
summing the overall flows in each region of the cascade:

L=L® + 1O 4 [ 4 | W) (38)

The regional flow rates are derived in APPENDIX D by summing all the stage flows within each region
and are given by Egs. (D.6), (D.9), (D.10), and (D.14). This calculation is nontrivial because of the
possibility of fractional stages. Thus, while each of the numbers in Eqgs. (37) and (38) is treated as a real
number, practicality suggests that the number of machines in a fractional stage is a spurious value; hence,
when stagewise output occurs, we do not include numbers of machines for fractional stages. Because
there is a possibility of conflicting input values, the following hierarchy is honored in determining output:

1) If neither M nor m is specified on input, then no machine output is included.

2) Ifeither M or m is specified, then the other is calculated from Eq. (37) to be consistent with the
specified external cascade flows (W, E, F, G, P); if no external flows are specified, then default values
are used (F = 1, E = G = 0) and a default is used for the unspecified value of M or m (M = 1,000,
m = 280 mg/s UF).

3) Ifboth M and m are given, then the external cascade flows (W, E, F, G, P) are scaled from their
input values (specified or default) to be consistent with the stagewise and total cascade flows in
Eq. (37). Thus, if LU is the value of total flow calculated from Eq. (D.15) using the standard input
values for external flows, and L is calculated from Eq. (37a) from the machine input, then a
scaling constant is determined as and every flow (W, E, F, G, P,Ly,Ly,Ly) is multiplied by this
constant.

(39)
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6. SUMMARY AND CONCLUSIONS

The MSTAR2019 model has been described in excruciating detail, and its use for a variety of problems
has been demonstrated and explained. The GUI has been developed to facilitate use of the model by users
who may not be familiar with the mathematical details. Extensive descriptions of the various GUI screens
were provided to illustrate a variety of options available to the user. Several enrichment scenarios were
demonstrated in sample problems, including most imaginable deviations from declared operations. These
can be computed almost instantly, and the results can be quickly downloaded to CSV files for additional
processing.

Mathematical derivations have been given for the original equations of Von Halle on which the original
MSTAR code was based. These have been adapted somewhat to enhance understandability, and a small
correction was implemented. The equations contribute naturally to explanations of the constraints on
input variables and to limitations of the algorithm. The use of side streams and the more flexible input
options presents a number of advantages in analysis but does complicate the mathematical description of
the problem and the implementation by the user. Hence, more extensive quality analysis has been
required, and considerably more guidance for the user has been provided.

The original algorithm of Von Halle posed strict input requirements, including specification of exact feed
assays and output (i.e., waste and product) assays of 23U. The current code allows flexibility in that minor
isotopes may be substituted for 2>U under certain constraints. In addition, the MSTAR2019 code allows
the user to impose integer numbers of stages or to specify the stage at which various external streams
occur (rather than the assay at that stage). These additional features contribute to the complexities of the
underlying algorithm, but most of this is not obvious to the user.

Many diagnostics have been included to assist the user. Most of these address deficiencies in user-
supplied inputs, but some identify problems with the user-defined scenarios. This latter category includes
problems with solutions that are not physically possible, such as a waste stream with a 23U assay that is
higher than the feed or product assays. Every effort has been made to identify scenarios that generally will
not or cannot work, either because of poor problem definition or nonphysical behavior. However, the
creativity of users may yet identify other difficulties that have not been investigated or anticipated by the
developers. For such adverse experiences, we apologize in advance and eagerly solicit user input for
improvements in any subsequent versions of the code.
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APPENDIX A. DERIVATION OF EQ. (12)

From Eq. (11), denote the quantity in brackets by o and evaluate the equation at the (nonexistant) stage
above the top stage of the cascade. Since there is no downflowing stream into stage Np, the value of
A, + 1 1s zero. Successive recursive applications of Eq. (11) yield:

Ain,+1=0=0a\iy,—T;= Jai(UaiAZNP -1 Ti) —1;=(oa)*Aly,—1— (1 + o)
= (O-ai)z(o-aiA,i:Np—Z - Ti) —7(1 + oa) = (6a)’ Ay, _ 2 — Ti[l +oa;+ (Uai)z]
= .= (oa)"r 1A, — ‘L'i[l +oa; + (oa)?... + (Uai)N"_"]

Np—n+1
1—(oa) *
_ Np+1—npn L
= (oa)™ Nin =T 16,
which can be rearranged to give

1— (oa)" Nt
Nip=t—— . (A.)
L

The abundance ratio for the matched component of downflowing stream in stage n can be represented
using Egs. (7a) and (A.1) as

1_ (O_am)n—Np—l

Tm

R Amn oay,—1
mn = 7 = — — *
Ak 1—(oap)" Np—1
T
k oa,—1

Recalling that Ry, + 1 = BmRmn and that a = 1 and a,, = B2, we can write

Rn+1 1—(op2)" " 1—g" Mt o
R;’n,n —Fm™ 1_O_n—Np 1_(0'Brzn)n_Np_1. ( : )
Substituting the value ¢ = B, into the right side gives
1_[?:1”—1\/!, 1_ﬁxp+1—n Brl\r/lp—nﬁm ﬁ%p—n_l 1_[;7[\'/{)'}'1—71
Bm = Bm- (A.3)

X X = X
1_ﬁ11\r[lp—n 1_ﬁ:ln—Np—1 Brl\r]lp+1—n l_ﬂxp—n ﬁ%p-‘-l_n_l

Thus, the value o = ;" satisfies Eq. (A.2) exactly and is therefore used to obtain Eq. (12) in Section 2.2.
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APPENDIX B. VON HALLE TREATMENT OF SECTION JUNCTION
POINTS

As mentioned in the Section 2.3, it appears from Figure 35 that we should equate the two downflowing
streams at the junction, in which case Eqs. (16a—c) result. This is contrary to the treatment by Von Halle
[5,6], which assumes equality for the two upflowing streams and places the accounting for the external
stream with the downflowing streams:

A = A and AN = AN —GXi¢ . (B.1a)

This appears to be an error in derivation. He uses similar equations for the junction points of other
sections:

AR =A%) and A=A — FXir, (B.1b)
and
A =AS)  and ANy 1= A4 1 — EXig . (B.1c)
Using Egs. (B.1a—c) instead of Egs. (16a—c) results in the following cascade equation, which differs
slightly from Eq. (23):

PXp[1— (@) ™™+ 6Xie[1 — (@) V] + FXi[1 — (@) TV + EXig[1 = (&) V] =0. B2)

Remembering nomenclature changes, it is instructive to compare Egs. (23) and (B.2) with Von Halle’s
original derivation without side streams (i.e., G = E = 0). The equations are developed in Ref. [4] and
were used in MSTAR’12. A comparison of nomenclature is shown in Table B.1 below. The cascade
equations from Ref. [4] can be expressed as

SiPXip— EWXuw (B.3)

where M and N are the numbers of stages above and below the main feed stream (i.e., in the stripping and
enriching sections, respectively), and

ai* -1 d al-* -1
S =———— an Ei=———— B.4
S @)t -1 (e (B4
Substituting Egs. (B.4) into Eq. (B.3) and simplifying gives
[1— () "]Pxip = (@) = 1]wXxw =0 . (B.5)
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The analogues in MSTAR2019 for the values of M and N are given in Table B.1. Recognizing that the
isotope balance — W X;y = PX;p +FX;r remains true for either version of MSTAR, and substituting the
values from Table B.1 into Eq. (B.5) gives

[1— ()" =" Pxip + [(ar )" = 1](PXip + FXip) =0 .
Multiplying through by (a{“ ) ~N and rearranging gives
[1= () ™" Pxip+[1 = (&) ™" YFxi=0, (B.6)

which matches Eq. (23) but not Eq. (B.2). We thus conclude that Eq. (23) is the correct form for the
cascade equation.

Table B.1. Stage nomenclature in original MSTAR’12 and MSTAR2019.

Quantity MSTAR’12 MSTAR2019
Total stages N+ M Np
Enriching stages N Np—Np
Stripping stages M Ng
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APPENDIX C. DEPENDENCES OF GOVERNING EQUATIONS

A number of equations have been derived in Section 2, but we now observe that not all of them are
independent. Thus, when devising a methodology to calculate unknown process parameters, we need to
ensure that we have sufficient information to actually achieve a solution. It is fairly straightforward to see
that summing Eq. (2b) over the number of isotopes, and applying the normalizations in Eq. (3), yields the
overall flow balance given in Eq. (1). In the remainder of this appendix, we show the dependences
between Egs. (25a—d) and other equations.

We note that the stage number equations in Section 2.6 refer only to the matched component m and the
key component k; hence, Egs. (25a—d) cannot be generalized to include any other components. However,
we also note that Egs. (23) and (28) are true for any components, and there is the distinct possibility of
some redundancy (i.e., linear dependence) of Egs. (23) and (28) for the cases of i = m or k.

Note first that there are several common variables appearing in Eq. (25a) and Eq. (28). We begin by
evaluating Eq. (28) for i = m and i = k and taking the ratio. The summation in the denominator is
canceled out to leave

=™

XmPam % 1

Xme . am —

Xke '1—(a;2‘)NG_N”_1' .
Xypay -

ayp — 1
From Egs. (1) and (9), we have
Om ﬁ d ay 1
Ay =5 = an ay =5—=-—,
" B O “ " Bn Bnm

this becomes

XmG
Xig
oy 11— ()"~ . [ﬁm—(ﬁm)“‘””
mP m- Bm_l mP ﬁm_l me [(ﬁm)NG_NP (C.l
_X (i).l_(ﬁm)—NG+NP+1 - 1_(ﬁm)—NG+NP+1 _XkP[l—(ﬁm)_NG )
kP Bom (1 /,Bm) ) kP 1- 8,
ﬂNp—NG .

which is identical to Eq. (25a). Thus, Eq. (25a) is not independent of Eq. (28) with i = m and k. There are
only two independent equations.

Next, we examine dependencies of Eqgs. (25a—d) with the cascade equations, Eq. (23). Note that Eq. (25a)
can be arranged to get
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XmP

il —NP:iG —Ng C.2
Xep' ™ Xt ™ (C.22)

Similar developments for Egs. (25b—d) result in the string of equalities:

XmP Xm Xm XmE XmW

L S iy S VRl S VR MY (C:2b)
Xep' ™ X' ™ Xep' ™ X' ™ Xew' ™ ' '

Each of these quantities must be a constant because it cannot depend on any of the other assays or stage
number variables; we denote the constant by £. Evaluating Eq. (23a) for the matched isotope (i = m), and
substituting in for the various terms in Eq. (C.2b) gives

Wkaf + Pkaf + Gngf + FXkFE + EXkEf =0. (C3)

Thus, Eq. (23a) for the matched component i = m is equivalent to the overall mass balance of the key
component (i.e., Eq. [2b]) with i = k. The reverse is also true. Evaluating Eq. (23a) with i = k and

recalling that for the key component aj = Y B, we have
1
WXuwg— +PXipB," +GXiaBry +FXieBy +EXief" = 0.

Substituting in the various terms from Eq. (C.2b) gives
WXmw/§ + PXimp/§ + GXmg/$ + FXmp/$ + EXimp/$ =0,
which is equivalent Eq. (2b) with i = m.

In summary, then, Egs. (25a—d) and (23) are not independent. If we wish to use Egs. (25a—d), then we
cannot use Eq. (23) or (2b) with i = m and i = k, or the product assay Eq. (28) withi=mori=k.
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APPENDIX D. MACHINE FLOWS

If data are supplied for individual machines, then it is useful to calculate machines per stage, and connect
numbers of machines to external flows into (or out of) the cascade. In this appendix, we derive equations
for total cascade flow and flow for each stage. The number of machines per stage is then calculated using
the total stage flow rate and the flow rate per machine. Heavy use is made of the summation formula for
finite power series:

N 1—xN+1
n __
n=20
From Eq. (14), we have
n—j 1_(ai*)n_j
A= (a7 )" A — 17—, (D.2)
1— [24]

which holds within each section of the cascade. From Eq. (13) we get the representation for stagewise
feed flow:

A=A + Afp = (1 + @A, (D.3)

We now evaluate Eq. (D.2) for each section of the cascade, then apply Eq. (D.3) to obtain stagewise feed
flows and overall cascade flows.

Top Product Section. Since Ay, +1 = 0, assigning j = Np +1 in Eq. (D.2) yields

1—(a)" "7

A= 1+ )N, =—PXp(1+a;") T : (D.4)

From this we obtain the stagewise flow Ly, and the total flow in the entire section L®:

1 I e xn—Np—1
1—(a)
anzAinzz_PXiP(l‘l'ai) ; : (D.5)
P — 1—(Zi
i=1 i=1
L®)
N I . N I .
. (1+ai) - \n—Np—1 (ai +
= Z Ln:Z_PXiPl—* Z [1—(a) ]=ZPXL'P—* D6
n=Ng+1 i= — Wi = | (ai — -)
1- (@)™
Np—Ng— -
[04] -1
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If @ =1 for some i, then the corresponding term in the summation of Eq. (D.6) becomes singular.
Multiple applications of L’Hopital’s rule simplifies that term to

PXL'p(Np—N(;)(Np—N(;+1). (D6a)

Side Product Section. For the section between side product and feed streams, Eq. (D.2) can be written

x\n—J * 1_(ai*)n_]
= ()" Ay -+ @) —— . (D.7)

From this we again get the stagewise flows by summing over all isotopes

STV o] P @)
= ZAin = Z ()" M — (1 + ai )1—* (D.8)
i=1 i=1 — &
and the total section flow by summing over all stages
o -G )”F‘NG
n=Np+1 i=1 —1 D9
((Z +1) 1_(ai*)NF_NG ( . )
+Z(PXP+GXG) Ng—Np+———|}.
=51 AR G 1-a
If @ =1 for any i, then the right side of Eq. (D.9) simplifies to
Aing+1(Ng — Np) + (PXip + GXig)(Ng — Np)(Ng — Np + 1) . (D.9a)

Main Feed Section. This section is totally analogous to the side product section, so the derivation will
not be included. The analogue to Eq. (D.9) is

o\ 1- (@) " L (' +1) 1- @) b0
L = ZALNFH*— Z (PXip + GXig + FXig) ———{Np = Np+ —— (O
i=1 a —1 i=1 (af = 1) 1—0¢ )

If @ =1 for some i, then the right side of Eq. (D.10) simplifies to

Ain,+1(NF—Ng) + (PXip + GXig + FXip)(Np — Ng)(Nr — Ng + 1) . (D.10a)
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Bottom Section. Evaluating Eq. (D.2) for j = 1 and using Eq. (20a), we have

1—(a)"! 1+a;
((X—)* — WXiWw[l _ (ai* )n} (D.ll

= ()"~ WX (1 + @) + WX(1 + @) *
1— a; )

1—ai

Stagewise flows and total section flows are obtained as before, by summing over isotopes and stages,
respectively:

1 I (ai* + 1) .
L,= ;Ain = ;{WXiWCIi*——l)[(ai — 1]} (D.12)
N I . )
E (az + 1) n (ai* + 1) 1— (ai*) . s
L(W):;Lf;{wxiw DN ]: e e

If @ =1 for some i, then the right side of Eq. (D.13) simplifies to

Total Cascade. The total flow in all stages throughout the cascade is obtained by summing the total flows
in each region

L=L® 4+ L 4 [F) 4 [ W) (D.14)
Note that if there is no side product, then L@ = 0 and Eq. (D.6) is replaced by the equation

(a + 1) 1—(a)M "
L) = Z PX;)————|Np -~

F— . (D.6a)
i=1 ( i ) a; — 1
Similarly, if there is no side feed, then L&) = 0 and Eq. (D.13) is replaced by
LW zl: ] P G " N
= ; a; — .
& lW(ai* _ 1)l i 1— a’i* F (D.13a)
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APPENDIX E. SUMMARY OF MODELING EQUATIONS

Flow balance over entire cascade:
P+G+F+E+W=0. (2a)
Isotopic mass balance on entire cascade:
P.Xl'p +GXL'(; +FXiF +EXiE +le'W =0, i=1,..1. (2b)
Isotopic normalizations at each external entry point:
I I I 1 I
ZXiPZZXL'GZZXL'FZZXL'EZZXL'WZ1 : (3a-e)
i=1 i=1 i=1 i=1 i=1

Cascade equations:
* * _NpP * _NgG * _NF * _NE — .
Wxiwai +Pxip((li ) +Gxi(;((li ) +Fxl~F(ai ) +EXiE(C(i ) = 0, L= 1,...,1. (23b)

Product assay equations:

=@t
XipQ; 1
i “ =1, (28)
Xic = ViN, = - = — ——_, l=1,..,L
TN Ly 1— @)™
XmpQm
mmP%m a;l ~1
Cascade stage number equations:
1 [XmP/x.p
Np— N, =
T () |*me/ag (232)
1 .me/ka.
Ng—Np= ~In , 25b
In () | XmF/xp, (25b)
1 .me/xkF.
Np— Ng=
P () |*mEfxg (25¢)
1 me/xkE
g=—1+ —In 25d
In(am) | Xmw/xyy 39

E-1



E-2



Stage number equations modified for no side feed, replacing Eqgs. (25¢,d):

1 me/xkF
NF =—1+ " In , 25e
In (am) XmW /X (25¢)
Stage number equations modified for no side product, replacing Egs. (25a,b):
1 XmP/xp
Np—N n
T @) [*mfx, (250
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APPENDIX F. ALTERNATIVE TO 23U AS KEY ISOTOPE

In Sections 3.2.1, 3.2.2, and 3.3.1, a special problem was noted with enriching recycled uranium to very
high enrichment levels. This problem is due to the dwindling inventory of 238U and is specially connected
to use of this isotope as the key isotope that occurs in the denominator of the abundance ratios in Eq. (6a).
From Figure 26, we see that if 233U inventory is to be further increased, it will enrich relative to 23U more
than to 233U. Hence, we can revise the model by using the product results in Figure 26 as input to a new
cascade in which the key isotope is 23U rather than 238U.

The separation factor ¢; is a ratio of abundance ratios, and the key isotope occupies the denominator of
each abundance ratio. Hence, if we change the key isotope, we must revise the separation factor as well.
The original separation factors are given by Eq. (7), which can be written for 2**U as the key isotope:

Ry Yi/yasg

a; =

" an ’
R; xl/x238

i=1,2,..,1 (F.1)

If we define the enrichment factor &; to be the appropriate enrichment factor for 23°U as key isotope, then

o Vilyase Vilyass  Y238/ysze  a
& = = X = (F.2)
Xi/xy36  Xilxyzg  X238/xp34  F236

For an enrichment factor of @ = 1.5 and isotopic separation factors determined from Eq. (1), Table F.1
gives the values of @; for 238U as key isotope, and &; determined from Eq. (F.2).

Table F.1. Using 23U as Key isotope.

Isotope a; a;
U-234 1.717071 |1.310371
U-235 1.5 1.144714
U-236 1.310371 |1

U-238 1 0.763143

If we now use the product results from Figure 25 as input to a new cascade in which we enrich to 90%
235U, we obtain results shown in Table F.2. As noted in the table, the waste assays are quite arbitrary and
do have a small impact on product values.

Table F.2. Very high enrichment of recycled fuel using 23°U as Key isotope.

Isotope | Waste* Feed | Product
24U 0.491181(2.56755 |4.64392
35U 60.0 75.0 90.0
8oy 36.505 [20.9297 [5.35479
238U 3.00414 |1.50272 |.0013

* Waste assays are arbitrary
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APPENDIX G. MSTAR INPUT FILE FORMAT

A sample input file is shown below with a description of each parameter following:

1.4 24 -1-1-1-1F -1 -1
-1 0.05 1.0 0.05 -1

U234 348.0 -1 3e-5 5.5E-5 -1 -1

U235 349.0 0.003 0.005 0.0072 0.02 0.03
U236 350.0 -1 0.004 0.005 -1 -1

U238 352.0 -1 -1 -1 -1 -1

Line 1

Separation factor

Number of isotopes

Index of matched isotope (usually 233U)
Index of key isotope (usually 233U)
Stage number of side feed

Stage number of main feed

Stage number of side product

Stage number of top product

Logical flag for integer number of stages (T = integer, F = real)
Number of machines

Feed flow rate for an individual machine

Line 2

Flow rates in order: W, E, F, G, P (see
Table 5)

Lines 3—6 (for each isotope)

Label

Molecular weight of UF,

Assays in order: Xy, Xig, XiF, Xig, Xip (S€€
Table 5)

Inspection of the input file above indicates that it includes all external streams and supplies all the inputs
required in Table 7. A second example is shown below and includes noticeable differences:

1.31 323 -1-1-1-1T-+-1-1

-1 0.0 4341.0 100.0 -1

U234 348.0 -1 -1 5.5E-5 -1 -1

U235 349.0 0.003 -1 0.0072 0.023413 0.03

U238 352.0 -1 -1 -1 -1 -1

FFPFFEFF FFPFFF FTEF FFPF FFPF FTF FTTF

In this file there are only three isotopes, but the “integer stages” flag in the top line is “T.” Hence, an
additional line is included at the end of the file that specifies “relaxation variables” (i.e., specified
variables that will be allowed to stray from their designated values to achieve integer numbers of stages
without violating any of the governing equations). The logical flags represent each of the variables in
Table 5, and in this case assays of 2>3U in waste, side product, and product streams are denoted with T,
and so become the relaxation variables.
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